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1 .  E x p e r i m e n t a l  I n v e s t i g a t i o n  a n d  C l a s s i f i c a t i o n  o f  t h e  H u g o n i o t  A d i a b a t i c  

C u r v e s  

Shock-wave methods [1-3], based  on the r eco rd ing  of the k inemat ic  p a r a m e t e r s  of the wave (the veloci ty  
D of the motion of its wave f ront  and the veloci ty  u of the substance) ,  uniquely de t e rmine  the the rmodynamic  
c h a r a c t e r i s t i c s  of subs tances  at p r e s s u r e s  of tens  or  hundreds of g igapasca ls  (1 GPa =10 kbar) .  The Hugoniot 
adiabatic  equations so obtained, which are  known today with different  degrees  of accuracy  and in different  
r anges  for  a lmos t  all  meta l l ic  e l ement s ,  a re  widely used for  cons t ruc t ing  s e m i e m p i r i c a l  equations of s ta te  
[1-4]. R e f e r r e d  to b r ie f ly  as D--u re la t ions ,  they also conver t  each substance  under study into a t e n s o m e t e r  of 
the dynamic  and s ta t ic  p r e s s u r e s  [5] in the megaba r  range .  The e f fec t iveness  of using the r e su l t s  of dynamic 
invest igat ions fo r  all  these  purposes  is de te rmined  by the amount of or ig ina l  expe r imen ta l  informat ion ava i l -  
able and by the d imens ions  of the invest igated reg ion  of the phase plane. 

The authors  p resen t  below some new data  cha rac t e r i z ing  the dynamic compres s ib i l i t y  of 26 e lements .  
F o r  six meta l s  (Ti, To,  Mo, Ce, Gd, and Ge) the the rmodynamic  p a r a m e t e r s  (p r e s su re  p=PouD and degree  of 
c o m p r e s s i o n  6 =P/P0) a r e  shown toge ther  with the values  of D and u in Table  1, de te rmined  at max imum p r e s s u r e s  
in the l abo ra to ry  expe r imen t .  These  r e s u l t s  were  obtained when i ron s t r i k e r s  impelled by detonation products  
to veloci t ies  c lose  to 15 kin/see  (for iron the veloci ty  exceeded 19 km/sec)  collided with t a r g e t s .  The m e a s u r e -  
ments  made extended the expe r imen ta l  in te rva l  of p r e s s u r e s  for  Fe  by a fac tor  of 1.5, i .e. ,  up to 1340 GPa,  
and for  Ti ,  Mo, Ce,  and Gd by a f ac to r  of about 2. The reduced  data  de te rmined  the posit ions of the adiabat ic  
cu rves  at the new level  of p r e s s u r e  and, in addition, provided more  accura te  informat ion on the s lopes  of the 
c o m p r e s s i o n  cu rves  at the boundar ies  of prev ious ly  invest igated in te rva ls .  The new points a re  indicated by a 
numera l  1 on the D - u  d i a g r a m s  of F igs .  1-3 and, on a logar i thmic  sca le  of var ia t ion  of the p r e s s u r e s  and 
deformat ions ,  z = 1 - 6  - i  =u/D, for  Mo, Fe ,  and Pb in Fig .  4. The re  is s a t i s f ac to ry  ag reemen t  between the Mo 
points fo r  1000 GPa and the s ta tes  behind the shock-wave  front  of a s t rong  underground explosion at p r e s s u r e s  
which are  twice as high [6] (these a re  indicated by a plus sign, taking account of the expe r imen ta l  e r r o r s ,  in 
F igs .  1 and 4). 

In Table  2, we show for  eight e l emen t s  the values of D and u obtained at s t r i k e r  veloci t ies  of up to 9 
km/ sec  (for Sn up to 14 km/sec) ,  and in Table  3 we show the expe r imen ta l  r e su l t s  for  10 e l emen t s  in the same  
s t r i k e r  veloci ty  range;  these  values  had been previous ly  r e p r e s e n t e d  only graphica l ly  in [7]. This  table  also 
includes data  on Ag and Au, de te rmined  more  accura te ly  by a compar i son  with the or ig inal  source  [8] and sup- 
plemented by new points for  Ag. 

TABLE 1 

Ele m e  n t  

C o  

Gd 
Ti 
Ta 
Mo 
Mo 
Fe 

~ m  u 

6,75 
7,93 
4,50 

16,38 
10,20 
10,20 
7,85 

u, kin/ 
s e c  

7,26 
7,02 
9,26 
5,86 
6,59 
7,05 
9,70 

I 
D, km/ [ ~, GPa 
S e C  I 

tl,39 558 
10,73 597 
15,t4 631 
1t,00 1055 
13,55 910 
i4,06 10It 
17,74 i350 

2,758 
2,892 
2,575 
2,t40 
1,947 
2,006 
2,206 

*Deceased.  
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TABLE 2 

u,krn/sec[ D,km/sec t u,km/sec I D,km/~ec u, km/ I D_____~ml 

A1, po=2,71 ~ 

0,86 6,52 

i,24 7,08 

i,38 7,28 
2,03 8,05 
2,72 8,99 

3,27 9,67 

3,30 9,88 
3,72 ] i0,30 

] 

Cu, po=8,93 "~  
r 3 

Mg, p .=1 ,74  - g -  am s 

{ ,4i 

L85 
3,27 

3,99 

4,99 

6,28 

6,77 
8,5i 

9,37 

iO,lO 

0,i75 

0,350 

0,430 
0,590 
0,735 

0,845 

i ,27 
t,75 

4,i5 

4,39 

4,53 
4,73 
5,09 

5,i7 

5,80 
6,52 

Ni, p0=8,87 -g" 
a m  3 

0,9i 5,9i 

i,98 7,6i 
4,07 ~0,60 

Nb, p0=8,58 ~mga 

0,40 [ 4,94 

0,52 5,08. 

0,7t l 5,22 

Zn, po=7,~4 c~mm s 

3,01 1 7,90 3,29 8,07 
3,78 8,85 

Cd, po=8,64 --g', 
CFrI~ 

7,i5 
8,13 

3,i5 
3,63 

3,71 8,21 

Sn, p0=7,28 -g's 
Crfl 

3,34 7,59 
3,86 8,23 

3,93 8,28 

7,7i i2,57 

F o r  calculating the equations of the adiabatic curves  of metal l ic  e lements  and obtaining a rea l i s t i c  es t i -  
m ~ e  of the e r r o r s ,  we per formed a s ta t i s t ica l  analysis of the resu l t s  of wave measurements  on metals  ca r -  
r ied out in the USSR and abroad up to 1977. On the basis  of methodological c r i t e r i a ,  all the o r ig ina l  information 
on the dynamic compress ib i l i ty  was divided into three  groups: 

a) The data of shock-wave measurement s  [8-19] and Tables  1-3 were  obtained in the Soviet Union by the 
mos t - r i go rous  dece le ra t ion  method [9, 1], when the mass  velocity u is found f ro m  the velocity of motion of the 
s t r i ke r  before  it coll ides with the t a rge t  made of the substance under study. These  exper iments ,  per formed at 
substantial ly different  shock-wave amplitudes,  establ ished the shock compress ion  state of 44 metals  up to 
p r e s s u r e s  of 400-1300 GPa. It should be noted that in our fu r ther  process ing we did not make d i rec t  use of the 
compress ib i l i ty  cha rac t e r i s t i c s  published in [8, 9], since the co r rec t ed  data for  these studies are ~und  in [10] 
for  Fe ,  Pb, and Cu, in [11] for  Zn, Cd, and Sn, and in Table  3 of the present  study for  Au and Ag. F o r  A1, Cu, 
Fe ,  and Pb the e a r l i e r  exper iments  (except for  [13]) were  general ized and supplemented in [20]. In all the 
studies of group "a" the D - u  point is obtained by averaging four to six exper iments .  

b) The resu l t s  of the individual measurement s  by the dece le ra t ion  method were  ca r r i ed  out on pneu- 
matic  apparatus for  Au and W [21], i~ [22], Be, T, ,  Ni, Cu, and A1 [23], and using acce lera ted  explosions of 
s t r i ke r s  [24] for  two metals  used as s tandards (Cu and Fe)  and 16 other  e lements .  Group "b" also includes 
data  [25-27] on the investigation of r a r e - e a r t h  metals ,  in which the " s c r e e n s "  used in the impedance method 
(the re f lec t ion  method) were  metals  previously studied independently [24]. 

c) Investigations were  ca r r i ed  out in which the values of D and u for  each point on the Hugoniot adiabatic 
curves  was obtained in individual measurement s  and which are  founded on l e s s - r i g o ro u s  determinat ions  of the 
mass  veloci t ies  on the basis  of the velocity of motion of the f ree  surface  of the specimen or  the standard sub- 
s tance.  This  group of studies includes investigations of the compress ib i l i ty  of 27 metals  up r 50 GPa [28], 
19 metals  up to 150-200 GPa [29], alkali metals  up to 40 GPa [30], and the r epo r t s  published in [31], showing no 
sys temat ic  deviation f rom the most  important  publications, for  a number of metals  in the range 40-150 GPa; 
this  group also includes the data of [32], found by the dece le ra t ion  method but showing a large exper imenta l  d is -  
pers ion and included in the process ing  only for  Mg and Fe .  

The proper t i es  of metals  at high p r e s s u r e s  are  in terpre ted by the authors within the f ramework  of the 
hydrodynamic model,  which is r igorous ly  applicable above shock-mel t ing p r e s s u r e s .  However,  ia accordance 
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TABLE 3 

u, km/ i D:km/ 
~ . ~  s e a  

Ga, p0=5,91 ~g 
c m  s 

0,635 3,46 
t,305 4,63 
2,38 6,15 

5,t0 10,46 

g 
In, po=7,29 

0,56 3,50 

i,t9 4,36 
2,18 5,90 

4,87 7,75 

TI, p0=il,86 ~ 
c m  $ 

4,32 I 8,26 

Cr, P0=7,t8 c~a 

4,62 1 1t,42 

Re, po=21,03 -~-ma 

0,23 I 4,4t 0,57 4,77 
i,t5 5,68 
3,26 8,55 

,,kin/ ] D, km/ 
see ] SeE 

Co, 90=8,30 -g- ems 

t,77 7,07 
2,93 8,92 
4,32 il,t3 

Rh, p0=i2,4 c-~-mS 

0,31 5,0i 

0,74 5,7t 

t,45 6.90 
3,80 ,o7,55 

Ir, P0=22,65 c-~s 

u,km/ [ D.km / 
-~C SeC 

Ho, p0=8,73 cgm-~ 

0,57 2,84 
�9 1,24 3,44 

2,25 4,60 

3,30 6,t0 

4,82 8,34 

Au, p0=19,3 c-~m 

0,71 
i ,72 

3,25 

0,23 

0,54 

1,t0 

3,09 

4,26 

4,84 

5,67 

8,82 

Pr, p0=6,8i i 
c r n  $ 

4,27 
5,74 

8,16 

Ag, P0=t0,49c~mm s 

0,68 2,63 
t ,42 3,36 
2,48 4,95 
5,12 9,08 

0,93 

1,75 

2,13 

2,63 

3,98 
4,32 

4,69 

6,i0 

6,76 

7,56 

9,48 
9,73 

with the exper iments  ca r r i ed  out on tungsten [33], copper,  and aluminum [34], it is assumed that even for  p re s -  
sures  -> 10 GPa the metal  p rese rv ing  its e las toplas t ic  p roper t i e s  is in a re laxed,  quasihydrosta t ic  state behind 
the shock-wave front .  With such an approach, the shock-wave information necessa ry  for  construct ing the 
"hydrodynamic"  adiabatic cu rves  must be supplemented by information on the volumetr ic  compress ib i l i ty  of 
metals  under normal  conditions. 

d) The fourth group consis ts  of or iginal  data on the isentropic  velocity of sound c o at normal  conditions, 
which were  obtained by various methods: f rom analytic formulas  descr ib ing the behavior  of curves  of iso- 
t he rma l  compress ion  [35-39], f r om the values of the moduli of e las t ic i ty  of polycrystal l ine specimens  under 
normal  conditions [35], f rom calculations based on the veloci t ies  of ul t rasonic  waves along different  d i rect ions  
of a single c rys t a l  [40, 41], and f rom the veloci t ies  of longitudinal and t r a n s v e r s e  waves in polycrys ta ls  [22, 24, 
26, 27, 39]. 

The main types of adiabatic curves ,  differ ing in the approximation method used, are shown in the D - u  
d iagrams of Figs .  1-3, using the examples  of metals  of Table 1 and also Na, lab, Ni, and Nd, by smooth or  
p iecewise-smooth  curves  having constant or  slowly varying slopes.  The exper iments  belonging to groups " a " -  
"c  n are  indicated he re  by the points 2-4, respec t ive ly .  The resu l t s  f r o m  group "b," obtained on high-speed 
pneumatic sys t ems  [21-23], are indicated by the points 5, and the data of Table  1 are  indicated by the points 1 
(the same notation is used in F igs .  4 and 7). 

Even  in the f i r s t  investigations [8, 9, 28], it was found that many metals  had a l inear  re la t ion  between the 
velocity of the shock wave and the mass  velocity of the substance.  F o r  the lower segments  of the adiabatic 
curves ,  which in metals  with low compress ib i l i ty  included p r e s su re s  of severa l  hundred gigapascals ,  this r e l a -  
tion, de termined  mainly by the "cold" in teract ion of atoms,  is the predominant one. There  is no r igorous  jus t i -  
f icat ion for  the l inear i ty  of the D--u re la t ions .  It is conf i rmed,  to a cer ta in  extent,  by calculations usingrnodel  
potentials,  which were  per fo rmed  in [42, 43] for  Na, KI, and CsI. 
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As the ampli tude of the shock waves  i nc r ea se s ,  the t h e r m a l  components  of the total  energy  and the total  
p r e s s u r e  of the shock c o m p r e s s i o n  of the meta ls  inc rease  p r o g r e s s i v e l y  [1-3]. The l imit ing value of the 
de r iva t ive  D~ for  la rge  ampli tudes  is found by the T h o m a s - F e r m i  theory  and is r e p r e s e n t e d  by the value 
Dh~ ~ 1.25 [44]. The configurat ions of the adiabatic  cu rves  which have no s ingular i t ies  are  de te rmined  in the 
f i r s t  approximat ion  by the ra t io  of the init ial  values  D[10 and the asymptot ic  values  D[lr of the de r iva t ives .  F o r  
D[I 0 > 1.5 the c h a r a c t e r i s t i c  adiabatic  cu rve s  a re  convex curves  with a marked ly  reduced slope for  la rge  values 
of u. F o r  Dh0 ~ 1.0-1.3 the curve  r e m a i n s  l inear  or  dev ia tes  upward. The las t  f o r m  is c h a r a c t e r i s t i c  of a 
number  of t r ans i t ion  me ta l s  with a high intensi ty  of e l ec t ron  s ta tes  and anomalously  high Gruneisen  e lec t ron  
coeff ic ients  [45]~ 

F o r  a wide group of e lements ,  including some  of the alkali,  a lka l ine-ear th ,  and t r ans i t ion  meta ls  and all 
of the r a r e - e a r t h  me ta l s ,  inves t iga tors  in the Soviet Union [16-19] and abroad [25, 27] have d i scovered  d i s -  
t inct ive adiabat ic  cu rves  with b r e a k  points sepa ra t ing  s ta tes  with high compres s ib i l i t y  f r o m  those with low 
compress ib i l i t y ,  which r e s u l t  f r o m  the migra t ion  of ou te r  e lec t rons  to f r ee  inner o rb i t s .  A spec ia l  group of 
adiabat ic  cu rves  is consti tuted by D - u  re la t ions  of s tepwise  fo rm,  re f lec t ing  [1-3] the exis tence  of di f ferent  
c rys ta l l ine  f o r m s  at d i f ferent  p r e s s u r e  levels .  

In the light of the sys t ema t i za t ion  adopted in the scheme we desc r ibe ,  the adiabatic  cu rves  we re  divided 
into five fundamental  types .  

Adiabat ic  cu rves  of type 1, an example  of which is the curve  for Mo (see Fig. 1), on the bas is  of 
s t a t i s t i ca l  c r i t e r i a  for  all  the known values of the p a r a m e t e r s  admit  of approximat ion  by l inear  re la t ions  of 
the f o r m  

D ---- ao + a:u,  ao, al > O. (1.!) 

Pa rabo l i c  adiabatic cu rve s  of type 2, given by the equations 

D = a o ~, a lu  + a2u ~, ao, a : > O ,  a ~ < O ,  (1.2) 

a re  r e p r e s e n t e d  by the c o m p r e s s i o n  cu rves  of Pb and Ce (see Fig .  1). 

Adiabatic  cu rves  of type 3 co r respond  to Eq. (1.2) but with a coefficient  a 2 > 0, for  example  Na in Fig .  1. 

In a number  of type-2  and type -3  me ta l s  within the significant  port ion of the invest igated range,  it is s t a -  
t i s t i ca l ly  be t t e r  justif ied to use an a l t e rna te  l inear  approximat ion.  Such adiabatic  cu rves ,  belonging to type-2*  
or  type-3*,  a re  shown in Fig .  2 for  Ni and Ta .  Within the l inear  in terval ,  for  u-<u/, the approximat ing  s t ra igh t  
l ines p rac t i ca l ly  coincide with the parabo las ,  in te rsec t ing  t hem at the points m and n. F o r  u> Ul, where  the 
s t ra igh t  l ines a re  given in dashed fo rm,  the d i f fe rence  becomes  significant and the l inear  desc r ip t ion  is not ap-  
pl icable.  

Adiabat ic  cu rves  of type 4, which have b reak -po in t s  (indicated by an a r row in Fig .  3 for  Gd and Nd) 
r e su l t  f r o m  the fo rma t ion  of e l ec t ron  configurat ions which have low compres s ib i l i t y  under p r e s s u r e .  Here  the 
lower  b ranches  are  always s t ra igh t  l ines ,  while the upper  segments  a re  r e p r e s e n t e d  by Eq. (1.1) o r  Eq. (1.2) 
with posi t ive or  negative coeff icients  a 2. 

The D--u re la t ions  of s tepwise f o r m  (type 5) occur  in the case  of polymorphic  t r ans i t ions  of the f i r s t  
kind or  the case  of anomalous  melt ing.  This  type of D--u  d i a g r a m  is found, in pa r t i cu la r ,  in the case  of F e  and 
Ti  (Fig. 3). In the sys t ema t i za t ion  we have adopted, we can use Eq. (1.1) o r  Eq. (1.2) for  approximat ing  the 
upper  b ranches .  A more  exact  analyt ic  f o r m  of the D - u  cu rves ,  adequately r ep re sen t i ng  the spec i f ics  of the 
phase t rans i t ion ,  was  found in [4], fo r  the case  of iron (shown below). 

The smoo thness  of the approx imat ing  cu rves  does not just i fy  the conclusion that  the subs tance  has no 
e l ec t ron  or  phase t r ans i t ions .  Such t rans i t ions  may take place at p r e s s u r e s  lower  than in the dynamic  expe r i -  
ments ,  or  they may be accompanied  by a sma l l  change in densi ty  and compress ib i l i ty .  The cor responding  
adiabat ic  cu rve s  (depending on the i r  configuration) can natural ly  be "a t t r ibuted"  to one of the types  1-3,  but the 
quest ion of the inclusion of the values  of c o in the approximated  data  field requ i red  a spec ia l  ana lys i s .  

F o r  this  purpose ,  we p e r f o r m e d  t e s t  calcula t ions  which did not take account of the values  of c o . If the 
nominal  values of a 0 so obtained dif fered substant ia l ly  f r o m  c o on the low side,  in compar i son  with the cha r -  
ac t e r i s t i c  e r r o r s ,  this  provided a proof, independent of the s t a t i s t i ca l  invest igat ions,  that  a t r ans i t ion  did exist .  
With mos t  of the subs tances  invest igated,  for  a more  exact  descr ip t ion  of the hydrodynamic  adiabatic cu rves ,  
at low values of u, it was  found poss ib le  to include the expe r imen ta l  values of c o in the final va r i an t  of the p ro -  
cess ing  according  to the method desc r ibed  below (data of group "d").  
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The e ~ e n s i v e  expe r imen ta l  m a t e r i a l  t aken  toge ther  enables  us to find the mos t  re l i ab le  analytic func- 
t ions for  the adiabatic  cu rves  of the meta l s  and, on the bas i s  of the s ta t i s t i ca l  analys is ,  to de t e rmine  t h e d e g r e e  
of accu racy  of t he i r  posi t ions  in the field of k inemat ic  and the rmodynamic  va r i ab les .  

Simul taneous p roces s ing  of shock-wave  m e a s u r e m e n t s  f r o m  dif ferent  sou rce s  had been ca r r i ed  out 
e a r ! i e r  as well,  for  example ,  in [23] and [29] in t e r m s  of the D - u  va r i ab les ,  in [4] in t e r m s  of p - z  va r i ab l e s  
which had not been  d i rec t ly  m e a s u r e d ,  anda l so  in [13] and many other  s tudies in which the equations of s ta te  
were  cons t ruc ted .  In addition to providing new informat ion  and expanding the r anges  of values ,  the approach 
we have developed d i f fe rs  f r o m  o thers  in using s t a t i s t i ca l  c r i t e r i a  and in the ca lcula t ion of the accuracy  of the 
c h a r a c t e r i s t i c s ,  including the accu racy  of the local izat ion of the b r e a k  points.  

It should be noted that  the " e r r o r s "  in the values  of D mentioned in [29] show how close  the nominal  
cu rves  come to the expe r imen ta l  points; they have no s t a t i s t i ca l  meaning with r e s p e c t  to the unknown t rue  
functions D(u). At the s a m e  t ime ,  the "confidence in te rva l s"  [47, 48] de te rmined  he re  provide a probable  
e s t ima te  fo r  the deg ree  of c lo seness  of the nominal  and t rue  adiabat ic  cu rves .  

In o r d e r  to i l lus t ra te  the use of the methods developed below, in Fig .  1, for  the adiabat ic  cu rves  of Mo 
and Pb, the e n l a r g e d - s c a l e  insets  show the confidence in te rva ls  indicated by shading. Unlike the values of a k, 
D(u) for  the i r  functions - p, z, e tc .  - the method used he re  does  not pe rmi t  us to calcula te  r igo rous ly  the f o r m  
of the d is t r ibut ion  functions and the confidence in te rva ls ,  but the e r r o r  e s t i m a t e s  needed fo r  p rac t i ca l  use can 
be obtained f r o m  the theo ry  of e r r o r  t r a n s f e r  [49]. In insets  in F ig .  4 the e l emen t s  of the band of inde te rminacy  
of the d y n a m i c - c o m p r e s s i o n  cu rves  in the va r i ab l e s  log p and log z a re  shaded, shown at a magnif ica t ion of 23, 
fo r  Mo at  1000 GPa  and Pb at 100 GPa.  

2 .  P r i n c i p l e s  o f  S t a t i s t i c a l  P r o c e s s i n g  o f  t h e  D - -  u R e l a t i o n s  

f o r  32 E l e m e n t s  

The purpose  of a s t a t i s t i ca l  ana lys is  of the expe r imen ta l  data  on smooth  D - u  re la t ions  of types  1, 2, 3, 
2*, and 3* is to  a s c e r t a i n  the "nomina l , "  i .e. ,  the mos t  re l i ab le  D--u equation of the adiabat ic  cu rves  and to 
obtain probabi l i ty  e s t i m a t e s  for  the deviat ions  of the nominal  wave veloci t ies  and r e g r e s s i o n  coeff icients  in 
Eqs .  (1.1) and (1.2) f r o m  the t rue  values .  The possible  e r r o r s  in the nominal  values  a re  due to individual 
e r r o r s  in the m e a s u r e m e n t s  of the two k inemat ic  p a r a m e t e r s  D and u. 

However ,  in the r e g r e s s i o n  method used below the re  is only one " reduced"  e r r o r  ~i, co r respond ing  to the 
deviat ion of D for  fixed u. If the r e s u l t s  of the m e a s u r e m e n t s  of D i and u i a re  independent,  involve no s y s t e -  
mat ic  e r r o r s ,  and a re  e h a r a c t e r i z e d  by the i r  e r r o r s  AiD and Aiu,  then 

It is convenient  to a s s um e  that  the values  of D i and u i included in the p rocess ing  co r respond  to the i - th  
expe r imen t ,  in which u i is fixed while the value of D i is d is t r ibuted  according  to a normal  law with var iance  a i. 
Such a s impl i fy ing  a s sumpt ion  enables  us to use the method of l eas t  squa re s  [47-49] if we can obtain speci f ic  
va lues  for  the r a t io  of the quant i t ies  ~i in d i f ferent  expe r imen t s .  

We a s sume  that  e i / ( D i ~  i) =const ,  where  gi is a coeff icient  depending on the method of invest igat ion and, 
in addition, is p ropor t iona l  to a number  of expe r imen t s  in the s e r i e s  [47] if as  the pa i r  of values  D, u we use 
the r e s u l t s  obtained by averag ing  the s e r i e s  of expe r imen t s .  Thus ,  fo r  sou rce s  in group "a"  we se lec ted  g=4;  
fo r  group "b,"  taking account of the accu racy  of the method,  we se lec ted  g=2;  ~nd fo r  group "e" we se lec ted  
g =1. The da ta  of g roup  "d" were  r e g a r d e d  as  values  of Di(0), and when they were  included in the calculat ions,  
we as sumed  for  these  that  g =1. 

Accord ing  to the f o r m u l a  adopted, fo r  identical  values  of g we have ~i/D =const ,  i .e. ,  the reduced  re la t ive  
e r r o r s  of the m e a s u r e m e n t  of the wave ve loc i t ies  were  a s sumed  to be  constant .  The values  of D and u, which 
a re  of the  s a m e  type ,  a re  usual ly  m eas u red  with r e l a t ive  e r r o r s  which a re  c lose  to each  o ther  (•iD/D ~Aiu /u  i 
and (zD~) 2-< 1). If, taking account of these  fac ts ,  we d i s r e g a r d  the second t e r m  on the r ight  side of (2.1), the 
condition a i ~ D  i is equivalent  to the condition that  we have a constant  re la t ive  e r r o r  in the r eco rd ing  of t h e t i m e  
motion of the wave Ti,  s ince D i =Li /T i ,  and the base  line Li  is de te rmined  with a high degree  of accuracy .  

F o r  our  f u r t he r  ana lys i s ,  we introduce the concept  of the confidence in te rva l  AA(q) of a s t a t i s t i ca l ly  d i s -  
t r ibu ted  quantity A for  a level  of probabi l i ty  q. We a s sume  that  the quantity A is s y m m e t r i c a l l y  d is t r ibuted 
about its mean  value A* and AA(q) is de te rmined  on the ba s i s  of the fact  that  the inequality IA --  A*(q)l < AA (q) 
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is sat isf ied with the indicated probabil i ty.  F o r  example,  in the case of a normal  distr ibution,  we know with 
probabili ty 0.68 that the deviat ion f rom the mean does not exceed the var iance ,  i .e . ,  the confidence interval  
indicated for  q = 0.68 by A~k coincides with the var iance .  

The pa r a me te r s  a k introduced in (1.1), (1.2) and the function D(u) for  fixed u are  de termined f rom ran-  
dom values of D i and u i, and the re fo re ,  they are  also random values; however,  they are  subject to a dis tr ibut ion 
!aw more  complicated than the normal  law. Never the less ,  it is natural ,  by analogy, to ass ign the meaning of 
e r r o r s  to quantit ies AO k and A~), which consti tute the corresponding confidence intervals  for  q = 0.68. 

The genera l  scheme for  smoothing the measurement s  by means of a polynomial has been descr ibed  in the 
l i t e ra tu re  [47-49], and t he r e fo r e  the overa l l  formulas  will be given here  only for  the s imples t  variant  of the 
l inear  r e g r e s s i o n  (1.1). In the general  case  the fo rm 

M (a~) --- Wi [D~ -- D (u~) Wt (2.2) 

takes  on a minimum value for  the most  probable values of ak, denoted by a~, where the number n of points in- 
cluded in the calculat ion must  be considerably l a rge r  than the number of pa rame te r s  of the function D(u), and 
the s ta t i s t ica l  weight W i ~ a~ 2. 

Introducing for  any function X of the observed quantit ies the notation (X> = i ~  W~X. ~ W~, we r ep re sen t  

the nominal coeff icients  and the confidence intervals  for  type-1 adiabatic curves  by the express ions  
<Du~ -- <Z)) <u~ , , 

a~= <u~>--<u> ~ ' ao=<D>--ax<u>; (2.3) 

M (%, al) in_  ~ (q) 
= (2.4) ao~ (q) V i , ~ -  ~) (<~> -<u>~) ' 

AD (q) = h~, (q) [2F~.,,-s (q) (u ~ -- 2u <~t> -i- <uS>)]mt~-9 (q). (2.5) 

The functions tn_z(q) and F2,n_2(q) are  tabulated coefficients  defined according to [47] for  the Student and 
F i s c h e r  dis t r ibut ions ,  respec t ive ly ,  cor responding  to the probabili ty q. F o r  sufficiently large values of n, the 
Student dis tr ibut ion c losely  approaches the normal  dis tr ibut ion,  and since tn_2(q) ~ 1, it follows that the c o -  
eff icient  of tn_2(q) on the r ight  side of (2.4) is the var iance of the quantity a 1. The values of Aa0(q) are calcu-  
lated f r om (2.5): 

A% (q) = ~D (q) I~=0. 

In the D - u  plane the curve  of the boundary of the confidence intervals  for  different  values of u and f ixedq 
is the envelope of a pencil  of s t ra ight  l ines.  On all of these s t ra ight  l ines the fo rm  M takes on the same value, 
and for  sma l l e r  values of M the s t ra ight  l ines lie en t i re ly  within the confidence region.  As q inc reases  f rom 
0.68 to 0.95 in the case  of a normal  dis tr ibut ion,  A(q) doubles,  and in the calculation according to (2.5) it be -  
comes slightly less  than twice as large (proport ional  to I ln(1-q)[) .  

The proper t ies  d i scussed  above are  i l lustrated schemat ical ly  in Fig.  5, where 1 is the nominal adiabatic 
curve  of D(u), l ines 2 and 3 are  asymptotes  which are  tangent as u ~  ~:oo to the boundaries  of the co~r 
in tervals  with q=0.68 (the dashed lines),  and the d o t - d a s h  lines bound a region with half-width A D (q = 0.95). 
F o r  substances  with a l inear  D - u  graph the values of A~) have a minimum A~)mi n when u = <u), and for  any 
values of u they can be calcuiated by the fo rmula  

A~) { [(A~ max)2 -- (A?, min)~] (u -- <u>)= (~tmax <u>)-2 -~- (A~) ~=11/~ -- mtn/ I ,, 

where the quantities Uma x and 0 ADmax are the largest practically realizable values of u and A~) for this point. 

J 

I" 2 
.J" r 

5 

Fig.  5 
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The hypothesis  that  (1.1) is applicable was ver if ied in the s tandard way [47-49], using the F i s c h e r  c r i -  
t e r ion .  F o r  a s ignif icance level  of ~ < 10~ this hypothesis  was re jec ted ,  and we adopted fo r  the function D(u) 
a quadrat ic  law (1.2) for  which the exp re s s ions  for  the confidence in tervals  are  much more  compl ica ted  [47] 
than (2.3)-(2.5). The var ia t ion  of A~  as a function of u is cha rac t e r i zed ,  as before ,  by a min imum within the 
expe r imen ta l  region,  but this  curve  may  also show a change in sign for  the curva ture  and a second minimum.  

We also ver i f ied the assumpt ion  that there  are  no s y s t e m a t i c  e r r o r s  for  the points included in the ca l -  
culation, If this  assumpt ion  were  fa lse  for  the groups f r o m  any source ,  they would have been substant ia l ly  d i s -  
placed in one d i rec t ion  f r o m  the approximat ing  curve  const ructed for  the major i ty  of the more  re l iab le  data.  
Analys is  has shown that  such a s i tuat ion ex i s t s  in the case  of the number  of the s tudies compiled in [31], and 
these  r e su l t s  we re  not included in the p rocess ing .  In addition, we used the c r i t e r ion  of d i scard ing  individual 
observa t ions  which were  conspicuously  isolated f r o m  the r e s t  [48] (the Chauvenet  c r i te r ion)  modified for  the 
case  of d i f ferent  s t a t i s t i ca l  weights.  The data  of var ious  authors  were  p roces sed  jointly if the initial  dens i t ies  
of the spec imens  they used differed f r o m  the normal  by no more  than 1%. T h e r e f o r e  the expe r imen ta l  r e su l t s  
obtained for  al loys with an A1 or  Mg base  [23-24] were  not included in the approximated  data  f ields.  

F o r  D - u  equations of the f o r m  (1.1) or  (1.2) the p r e s s u r e  may be e x p r e s s e d  as an explici t  function of the 
de format ion  z =l-po/p =tff~D. F o r  (1.1) th is  is the known e x p r e s s i o n  p=Poa~oz(1-alz) -2, which admi ts  of a t r a n -  
s i t ion to d imens ion less  va r i ab les  [50-52]. F o r  {1.2), if a lz  < 1, and e<< 1, where  

8 (1 - -  alz)2 - -  2aoa2Z ~" 

we have a s imple  equation [50] 

Poa~Z (I § 8) (2.6) p---- 
(I - -  %z) ~ - -  2%%z ~ 

It was found that for the values of coefficients obtained Eq. (2,6) is applicable in the ranges under study 
for all metals with adiabatic curves of types 2 and 3, where for z < 0.4 we may disregard the quantity 8 in (2.6). 

A total of 950 different shock-compression states for 32 elements were subjected to statistical analysis, 
after discarding the discrepant recordings which did not satisfy the Chauvenet criterion. Of this number, 175 
point s obtained in the Soviet Union (group nan) and 56 obtained on high-speed pneumatic systems fix the posi- 
tion of the adiabatic curves for their entire length. The remaining information is concentrated on the lower 
intervals of the ranges studied. On the average, ~ 30 shock-wave measurements were made for each metal. 
However, the investigators devoted different amounts of attention to different metals. Thus, the approximated 
data field for Be contained 68 shock-wave points, with 61 for Cu and 105 for Mg, but for Re and Cs the data 
fields contained only nine points each. In addition to the shock-wave measurements, the calculations for 
almost all the metals included four to six determinations of the initial velocity of sound, some of which were 
also discarded during the calculation process in accordance with the programmed criterion. 

The parameters of the adiabatic curves and the confidence intervals obtained in the statistical processing 
are shown in Tables 4-7, where in every case, in addition to the element symbol, we give the range of pres- 
sures included in the approximation. The last column of each table shows the sources of information (a plus 
sign (+) indicates the data of Tables 1-3). Items 7-20 are the sources for group "a," 21-24 group "b, ~ and 25- 
32 for group ~c. ~ 

Table 4 includes 12 elements with a linear D--u relation (type 1). It shows the significance levels ~ for 
the l inear i ty  hypothes is ,  the number  nsh of s ta t i s t i ca l ly  p r o c e s s e d  shock-wave  points,  and the re la t ive  e r r o r s  

I "  //~ I , / ,  (2.7) '~. g i  [Di -- D (ui)l gi 
V - -  / ~ D 2  

~i=1 i Ii=1 , 

which qual i ta t ively c h a r a c t e r i z e  the averaged  expe r imen ta l  d i spe r s ion  of the or ig ina l  informat ion.  Here  D(ui) 
is calculated by (1.1), n is the to ta l  number  of points included in the calculat ion,  and gi is the coefficient  of 
accu racy  of the data  used. Tab le  4 contains the p a r a m e t e r s  a0, a 1 of the re la t ions  (1.1) with the i r  confidence 
in te rva ls  A~0, A~I, the confidence deviat ions A~), and the r e l a t ive  confidence e r r o r s  (RCE) (A~D)  for  two 
c h a r a c t e r i s t i c  points - the "cen te r  of g rav i ty"  of the expe r imen ta l  data  <u> and Uma x. Here  and he rea f t e r ,  the 
quant i t ies  a0, <u): Uma x are  given in k i l ome te r s  per  second, A~ A~) in m e t e r s  per  second,  p r e s s u r e s  in giga-  

0 pasca l s ,  and al,  Aa I as d imens ion les s  quanti t ies .  

The f i r s t  eight me ta l s  of Table  4 have a 1 values  close to the asympto t ic  value 1.25, and the D - u  functions 
fo r  these  meta l s  r e m a i n  l inear  as t he i r  physical  p a r a m e t e r s  vary  g rea t ly  over  wide r anges  of u. F o r  Mo, for  
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T A B L E  4 

ao % 
Element ny . . . .  (u) ~o a~ Source 

Pma.~ ~' % ~, % a~ A01"102 Umax -D--' 

Li 7i 27 4,760 48 3,0 32 0,40 [15, 30, 31] 
71 i,33 1,065 0,8 9,2 80 0,55 

K 39 22 t,991 i6 t,7 t i  0,28 [15, 30] 
87 0,75 i,i7 0,4 8,5 45 0,38 

Be 23 68 7,993 29 t,8 t5 0,t5 [24, 28, 3i] 
92 0,83 I,t32 0,9 4,0 35 0,28 

Mg 53 i05 4,540 22 2,0 i2 0,17 [i9, 24, 31,321 
176 t,~5 1,238 0,6 7,4 54 0,30 [q-] 

A1 32 14 5,333 36 1,6 23 0,3i 
207 0,85 !i,356 1,2 5,8 80 0,62 [~-, t0, 201 

W t00 37 4,0t5 i5 0,8 t0 0,20 
540 0,8 t,252 0,8 3,4 35 0,24 [12, 2l, 29, 24] 

Mo t7 46 5,100 17 1,2 12 0,18 [q-, 14, 24, 28, 29] 
i020 0,82 t,266 0,6 7,1 57 0,40 

Re 77 9 4,068 3t 0,6 24 0,48 
625 t,06 t,347 2,2 3,4 97 1,12 [q-, 24] 

Ir 33 t0 3,93 51 0,8 37 0,71 
66t t,52 t,536 3,3 3,2 i3t t,47 [-F-, 24] 

Au 36 13 3,063 14 1,0 i0 0,22 
550 0,49 t,563 0,6 3,4 26 0,3i [-}-, 21, 28, 29] 

Ba t,t08 [i9 ] 
217 4 1,369 6,0 

.4  Ga 
326 

2,501 
1,560 5,t 

[ + l  

e x a m p l e ,  the  s t r a i g h t - l i n e  a p p r o x i m a t i o n  a c c o r d i n g  to  the  c o e f f i c i e n t s  of T a b l e  4 i n t e r s e c t s  ( see  F i g .  1) the  
i n t e r v a l  of p r o b a b l e  wave  v e l o c i t i e s  r e c o r d e d  fo r  u =10.7  k m / s e c  and p ~ 2000 GPa .  I t  i s  p r o b a b l e  tha t  up to  
t h e s e  p r e s s u r e s  the  l i n e a r  f o r m  w i l l  be va l id  fo r  W as  w e l l .  F o r  I r  and Au,  wi th  v a l u e s  of a i > 1.50,  the  l i n e a r -  
i ty  is  a s s o c i a t e d  w i th  the  p r e d o m i n a n t  c o n t r i b u t i o n  of co ld  c o m p o n e n t s  of the  p r e s s u r e s  in the  r a n g e s  s t ud i ed  
so  f a r .  The  b e h a v i o r  of A1 and Be at  p r e s s u r e s  <200 G P a  h a s  not b e e n  d e t e r m i n e d  u n a m b i g u o u s l y  [13, 23, 32]. 

F o r  b a r i u m  and g a l l i u m  t h e r e  w a s  no f u l l - s c a l e  s t a t i s t i c a l  p r o c e s s i n g  b e c a u s e  t he  e x p e r i m e n t a l  po in t s  
a v a i l a b l e  w e r e  t oo  few.  It was  found t ha t  B a  u n d e r g o e s  a phase  t r a n s i t i o n  at 7 G P a  [53] and Ga u n d e r g o e s  
a n o m a l o u s  m e l t i n g  at  the  v e r y  b e g i n n i n g  of the  c o m p r e s s i o n  c u r v e ,  at  ~ 0.2 G P a  [54]. The  f ac t  tha t  t h e i r  c o m -  
p r e s s i b i l i t i e s  do not have  s m o o t h  c u r v e s  is  i n d i c a t e d  by  the  s h a r p  d i s a g r e e m e n t  b e t w e e n  the c o e f f i c i e n t s  a 0 and 
the  t h e r m o d y n a m i c  v e l o c i t i e s  of sound  c 0. In the  c a s e  of B a  the  va lue  of  a 0 is  0.6 k m / s e c  l e s s  t han  tha t  of c 0, 
and in t he  c a s e  of Ga it is  0.7 k m / s e c  l e s s .  F o r  t he  o t h e r  e l e m e n t s ,  the  d i f f e r e n c e  b e t w e e n  a 0 and the  mos t  
r e l i a b l e  v a l u e s  of  c o is  about  1%. 

T a b l e  5 d e s c r i b e s  the  c o m p r e s s i b i l i t y  of 14 e l e m e n t s  wi th  p a r a b o l i c  D - u  r e l a t i o n s  and nega t ive  ( type 2) 
c o e f f i c i e n t s  a2, w h o s e  a b s o l u t e  v a l u e s  and con f idence  i n t e r v a l s  a r e  g iven  in uni t s  of 102 s e c / k m .  

A l l  the  m e t a l s  in T a b l e  5 have  i n i t i a l  v a l u e s  of Dh wh ich  c o n s i d e r a b l y  e x c e e d  D ~  ~ 1.25.  T h i s  f ac t  
e x p l a i n s  the  t e n d e n c y  of the  a d i a b a t i c  c u r v e s  to  d e c r e a s e  t h e i r  s l o p e s  as  u i n c r e a s e s .  The  c o m p l e x  con f ig -  
u r a t i o n  of the  c u r v e s  f~)r t he  c o n f i d e n c e  i n t e r v a l s  A~) fo r  the  f o r m  (1.2) i s  f i xed  in T a b l e  5 at four  po in ts  - a t  
u = 0  fo r  the  va lue  of A~0, a t  the  m i n i m u m  of the  c u r v e  fo r  u =u i ,  at u 2 c l o s e  to  the  s econd  m i n i m u m  o r  change  
of s i g n  of the  c u r v a t u r e ,  and at u =Uma x .  A l a r g e  d i f f e r e n c e  b e t w e e n  a 0 and c o is  found in the  c a s e  of C r  and 
Sn, w h e r e  i t  is  due  [53, 39] to  phase  t r a n s f o r m a t i o n ,  and a l s o  in the  c a s e  of Ce and C s ,  which  unde rgo  a whole  
s e r i e s  of t r a n s i t i o n s  unde r  s h o c k  c o m p r e s s i o n ,  a s  can  be  s e e n  f r o m  the  phase  d i a g r a m s  [54]. The  e l e m e n t s  
Ba ,  Ga,  C r ,  Sn, Ce ,  and Cs  e x h a u s t  the  l i s t  of m e t a l s  fo r  which ,  a c c o r d i n g  to  the  me thod  we u s e d ,  the  v a l u e s  of  
c o w e r e  not i nc luded  in t he  p r o c e s s i n g .  The  r e s u l t s  r e l a t i n g  to  the  o t h e r  26 m e t a l s  c o n s i d e r e d  in t h i s  s e c t i o n  
w e r e  o b t a i n e d  by  inc lud ing  fou r  to  s i x  v a l u e s  of c o in the  a p p r o x i m a t e d  d a t a  f i e l d .  

T h e  d a t a  fo r  Na,  V, Nb, T a ,  Co,  and R h  wi th  v a l u e s  of a 2 > 0 ( type 3) a r e  shown in T a b l e  6, which  is s i m i -  
l a r  to  T a b l e  5. F o r  f ive  e l e m e n t s  the  v a l u e s  of a i a r e  inc luded  b e t w e e n  the l i m i t s  of 1.11 and 1.23, whi le  f o r  
R h  we f ind t ha t  a 1 =1 .33 .  A p a r t  f r o m  Na,  the  o t h e r  m e t a l s  a r e  t r a n s i t i o n  e l e m e n t s  wi th  unf i l l ed  i n n e r  s h e l l s .  
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T A B L E  5 

Ao 
Elemen~ v,~/~r= aoa, AO .t002 '== &O ,..0 % Source 

=, % -o,. ,o,  

Cr * 28,2i i 5,t53 83 t,0 30 0,45 
t,557 8,2 3,0 64 0,73 

400 4,23 t,2 4,8 t70 t,46 [+, 24, 28, 29] 

Ni * 

995 

Cu * 

976 

Ag * 

40t 

Zn * 

828 

Cd* 

86O 

Pd 

22i 

Pt 

687 

In 

35O 

TI 

Sn 

723 

2!,39 

6~,93 

Ce 

566 

Ii,20 

2~,93 

2!,4 

2 ,63 

6!,17 

4,501 69 
t,627 5,2 
2,64 0,5 

3,899 24 
t,520 2,2 
0,7t 0,3 

3,178 
1,733 
4,27 

3,031 
t,f~)8 
2,24 

2,434 
1,759 
4,73 

3,955 
1,70t 
6,24 

3,605 
t,560 
2,63 

i5 2,430 
i,43 1,603 
3,5 2,07 

I!,70 t,809 1,597 
2,47 

ti,65 �9 2,437 t,688 
4,70 

50 
5,9 
t,0 

~,4 
0,28 

37 
3,2 
0,42 

3i~,05 0,934 
1,944 
6,95 

28 
4,9 
1,43 

34 
4,6 
0,89 

1,0 
4,6 
7,4 

0,8 
3,2 
7,4 

0,6 �84 
2,2 
4,4 

i,O 
3,6 
8,0 

0,8 
2,8 
7,6 

0,6 
1,4 
2,4 

0,6 
t,6 
3,6 

34 0,5 
4,3 2,2 
0,80 4,9 

1L 05 
0,4 4,4 

5t t,8 
2,9 4,4 
0,2~ 7,8 

42 
2,9 
0,3t 

93 

1,4 
4,0 
7,3 

i 36 53 
t49 

�9 38 
t88 

2,36 

t6 

20 
28 
54 

27 

68 

2t 
38 

.91 

0,72 
0,73 
t,32 

0,27 
0,34 
0,63 

t4 

in 

0,86 
0,78 
t,49 

0,43 
0,44 
t,t6 

0,73 
0,6t 
t,80 

0,32 
0,31 
0,60 

0,46 
0,42 
0,6i 

0,34 
0,84 
t,72 

0,50 
0,49 
0,8t 

0,39 
0,92 
0,7i 

[4,  tt, 13, 23, 28, 
29] 

0,48 
0,46 
t,13 

[+,  t0, tt,  t3, 201 
[23, 24, 28, 29] 

[4, 28, 29] 

[~, 1t, 28, 29, 3i1 

[-~, tt, 28, 291 

[24, 28, 29, 3t ] 

[22, 24, 28, 31l 

[~ ,  28, 3i] 

IT, 28, 29] 

[~-, ti, 28, 29] 

Pb 2i,93 t,981 ~2 0,7 t6 0,52 t,603 ,2 3,2 35 0,53 [t0, tt ,  20, 28, 29] 
967 3,78 0,20 7,3 t06 0,9t 

Cs 0936 0,363 1t0 t,6 40tt 0,40 [30] t,583 7,8 3,2 22 0,44 
43 4,66 0,99 4,0 0,67 

[+, 19, 26, 27] 

A s  is  shown by q u a n t u m - m e c h a n i c s  c a l c u l a t i o n s  [45], the  d e c r e a s e  in c o m p r e s s i b i l i t y  is  due in the  c a s e  of V 
and Nb to  the  e l e c t r o n  r e s t r u c t u r i n g  of t h e i r  e n e r g y  s p e c t r a  and the  a n o m a l o u s l y  l a r g e  G r u n e i s e n  coe f f i c i en t s  
of  the e l e c t r o n s .  T h e  s a m e  e f f e c t s  a p p a r e n t l y  o c c u r  in the  c a s e  of Ta ,  Co,  and Rh.  The  c u r v a t u r e  of  the  D - u  
r e l a t i o n  f o r  Na  is  v e r y  s l ight .  H o w e v e r ,  it is m a i n t a i n e d  even  when the  a p p r o x i m a t i o n  i n t e r v a l  i s  r e d u c e d ' t o  
4 k m / s e c ,  and,  a c c o r d i n g  to  [43], it i s  due to  the  p r o p e r t i e s  of the  po ten t ia l  i n t e r a c t i o n  of the  Na  a t o m s .  

T h e  ad iaba t i c  c u r v e s  f o r  V and Nb in [19] w e r e  a s s i g n e d  to  type  4. T h e  " s m o o t h "  d e s c r i p t i o n  of t h e m  
g iven  h e r e  is  b a s e d  on the  e x t e n s i v e  i n f o r m a t i o n  obta ined  in [24], s t a t i s t i c a l l y  p r o c e s s e d  with  due r e g a r d  f o r  
the  c o m p r e s s i b i l i t y  in the  o r i g i n a l  s t a t e  and at  the  h ighes t  p r e s s u r e s  f ixed in [19]. 

The  nine e l e m e n t s  ind ica ted  by  a s t e r i s k s  in T a b l e s  5 and 6 be long  to  t y p e s  2* and 3" ,  i . e . ,  on the  b a s i s  of  
s t a t i s t i c a l  c r i t e r i a ,  in the  bounded but  f a i r l y  b r o a d  i n t e r v a l s  0 < u < u l ,  t hey  admi t  of  a l i n e a r  d e s c r i p t i o n .  The  
equa t ions  of  the  ad iaba t i c  c u r v e s  and t h e i r  s t a t i s t i c a l  c h a r a c t e r i s t i c s  f o r  the  l i n e a r  s e g m e n t s  a r e  g iven  in 
T a b l e  7, wh ich  is s i m i l a r  to  T a b l e  4, and a c o m p a r i s o n  of t h e s e  c u r v e s  wi th  the  q u a d r a t i c  ad iaba t ic  c u r v e s  f o r  
the  s a m e  m e t a l s  is g iven  in T a b l e  8. H e r e  we indica te  the  a b s c i s s a s  (in k m / s e c )  of the  points  m and n a twh ich  ~ 
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TABLE 6 

Element 

Pmax 

N a  

I00 

~, % 

2~,73 

V * 3i,82 
344 

Nb 3i,83 
408 

Ta* 2i,05 
i097 

Co 

438 

Rh * 

542 

t!,t8 

ii,20 

ao 
al  

a , . lO  ~ 

2,624 
1,t88 
0,88 

5,071 
1 ,t85 
t ,67 

4,472 
t,t!4 
3,8 

3,43I 
t,I59 
2,48 

4,743 
1,227 
5,8 

4,775 
i,33i 
4,70 

AO .t02 
&it. i02 

27 
t,8 
038 

32 
3,2 
0,52 

32 
3,8 
0,60 

29 
3,0 
0,40 

62 
6,3 
l,i0 

73 
8,9 
i,70 

t~]Sl& x 

t.2 
41o 
8,0 

16 

0,8 t6 
2,2 29 
5,0 tt0 

0,8 i6 
2,0 26 
4,6 tt0 

t,5 
5,9 

0,8 
2,0 
4,4 

0,8 
t,8 
3,80 

4i 
48 

i58 

37 
57 

2it 

"-5-' 

0,34 
0,36 
0,79 

0,76 
0~37 
oi% 

0,30 
0,38 
t,05 

0,40 
0.50 
1,27 

0,71 
0,65 
t,40 

0,63 
0,78 
1,94 

Source 

[t5, 30] 

[19, 24, 29] 

[4, t9, 24, 28, 311 

[4, i4, 24, 28, 3t] 

[4,28,291 

[4, 24, 281 

TABLE 7 

A~ <,0 ] ~ %1 
~1 Y do ~i o 

i Cr 27 5,205 4g 1,0 I 22 0,33 
t49 t,03 t,451 2,5 2,4 I 54 0,62 [24, 28; 2!q 

Ni 23 4.575 32 t.4 [ 21 032[ [+,il.-.,-')3 98,29] 
44t t.00 t,5i7 1,1 414 [ 54 0148 ! 
e l i  
413 

Ag 
230 

Zn 
202 

55 
0,8t 

t4 
1,02 

21 
1,08 

Element 
Pmax a ,  % 

tt) 

9O 

14 

100 

21 

26 

41 

7~ 

3,915 
t .495 

3,170 
1.657 

3Jt54 
t,541 

t4 
0,6 

29 
1,5 

23 
I, 1 

1.2 l 4.4 39 

t,0 I 19 
2,2 33 

0:8 I t6 3;4 45 
I 

Cd t2 2.437 32 0,6 I 25 
100 1,75 1,686 2,3 2,0 ] 55 

V 34 5,068 23 ~.,() ] ,3 
168 0,81 1,207 1,2 2.6 I 32 

Ta 22 3.429 14 0,8 i 9 
223 0,71 1 A98 0.9 2,2 2 

25 4,753 
t .4t 6 

t7 
t,18 4~9 Rh 

2i8 
0,8 ] 26 
2,2 0,3 

I 
0,t6 [ [+, 10, tl, 23, 24, 
0.3l t 28, 29] 

0,40 
0,48 [+, 28, 29l 

0,37 
0,54 [11, 28, 29, 31] 

0,73 [11, 28, 291 
0,95 

0.2t 
0;39 [24, 281 

0,23 
0,33 [141 24, 3t] 

i 

0,44 
0,80 [+, 24, 281 

the s t r a i g h t  l ines  and the  p a r a b o l a s  i n t e r s e c t  (see F i g .  2) and the  r e l a t i ve  devia t ions  (in percent )  of  the ad ia -  
ba t i c  c u r v e s  f r o m  e a c h  o the r  when u =0 fo r  u c =(Um+Un)/2 and fo r  the e x t r e m e  point u l of the l inea r  approx i -  
mat ion .  F o r  all  of  t he se  e l e m e n t s  except  Ni, the d i f f e rence  is <1%, and, apar t  f r o m  a few excep t ions ,  it does  
not exceed  the  RCE of Tab le  7. 

Thus ,  depending  on the p r e s s u r e  l eve l  under  c o n s i d e r a t i o n  and the p u r p o s e s  a imed  at, fo r  nine me ta l s  
which  have adiabat ic  c u r v e s  of types  2* and type  3* we can  use e i the r  " so l id"  pa rabo l i c  r e p r e s e n t a t i o n s  
(Tables  5, 6) o r  b o u n d e d - l i n e a r  r e p r e s e n t a t i o n s  (Table 7). This  conc lus ion  is somewha t  inappl icable  only in 
the c a s e  of  Ni, f o r  which  the  a 0 of  the quadra t i c  f o r m  d i f fe r s  by 107~/0 in the downward  d i r e c t i o n  both f r o m  the  
" l i n e a r "  a 0 and f r o m  the m o s t - p r o b a b l e  t h e r m o d y n a m i c  ve loc i ty  of sound c o =4.58 k m / s e c  at n o r m a l  condi t ions .  
F o r  a p r e c i s i o n  app rox ima t ion  including all  of the  da ta  it is d e s i r a b l e  in th i s  c a s e  t o  use  a p iecewise  s m o o t h  
a p p r o x i m a t i o n  g iven  by  the f o r m u l a s  of T a b l e s  5 and 7, with a point of con jugacy  at u = 3 . 3 2  k in /see .  
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TABLE 8 

Element 

C r  

N~ 
Cu 

Ag 
Z~t 
Cd 
V 
Ta 
Bh 

0,67 1,8-~ 
0,84 3,32 
0,84 2.68 
0,10 1,88 
0,40 2,59 
0,0~ 0.87 
0,15 136 
0,05 1,52 
0,31 i,50 

o, A o 5 ,0 , 0 (Y l . ,  ,0 . . . .  

--0,95 
- -  1,64 
--0,41 
--0,25 
--0,76 
--032 

0,06 
0,06 
0,47 

0,20 --0,59 
0,50 --0,93 
0,09 --0.43 
0,851 --0,48 
0,52i --0,65 
0,6i I --0,77 
0,13 0,73 
0,30 I 0,60 
.0,25 0,51 

In most of the e a r l i e r  publications for the other  11 e lements  of Table 5 and Table 6 which belong to types 
2 and 3, over  in tervals  of di f ferent  lengths, the D(u) equations were  given in the fo rm of l inear  binomials (1.1). 
Let  us find the admissible boundaries  of such an approximation,  which is convenient for  many applications. It 
is easy  to show that for  each se lected interval  of l inear i ty  (0, UL) it is possible to find a secant  whose distance 
f r o m  the parabola  for  u=0,  UL/2, and u L will b e  h = l  a..[U~L/8, all th ree  dis tances  having the same absolute 
value. The coefficients  of the secant will be 

aoL = ao - -  aeu~ /8 ,  air. -~ a I + a~UL. 

F o r  ve r y  smal l  d i f fe rences  (A =10-2 a0 ) the in tervals  of the approximate l inear  descr ip t ion  will be the follow- 
in~. ~1  kin/see for  Cs and Ce, ~ 2  kin/see for  Pd, Sn, lab, Co, and T1, slightly more  than 3 kin/see for  Nb, In, 
and Pt, and 5.5 kin/see for  Na. 

The cha rac t e r i s t i c s  so calculated for  the initial segments  of the adiabatic curves  of these  metals ,  like the 
l inear  approximations of Tables  1 and 4, are close in the nominal values of the i r  coeff icients  to the express ions  
given for  the same e lements  [28, 15, 19, 7, 24]. F o r  20 metals  the extended ranges  of the p a r am e te r s  are 
descr ibed  in this study without loss of accuracy  by the quadrat ic  t r inomia ls  of Tables  5 and 6. 

The most  important  s ta t i s t ica l  cha rac te r i s t i c  obtained consis ts  in the confidence intervals  de termining 
the e r r o r s  in the posit ions of the shock adiabatic curves  of the metals .  F o r  the indicated values of u the values 
of A~) are  given in Tables  4-7. F igure  6a shows the var ia t ions of the functions A~)(u) for  Mo (type 1), Pb 
(type 2), and Co (type 3). Analogous curves  are  shown in Fig.  6b for  Cu, Ni (type 2"), and V (type 3*). F o r  Cu 
and Ni the f igure shows the var ia t ion for  the complete parabolic descr ip t ion  (solid curve) ,  and for  Cu it also 
shows the var ia t ion for  the bounded- l inear  descr ip t ion  (dashed curve) .  As shown by the graphs and tables ,  a 
fea ture  common to all the  curves  is a deep minimum at ~ 1 kin/see.  The 1argent values of A~) are attained at 
the r ight  end of the intervals  under considerat ion,  and a slightly sma l l e r  value is attained at the left end (when 
u =0). The values of A~) depend on the number and s ta t i s t ica l  weight of the points, on the i r  exper imenta l  d is -  
pers ion,  and also on the analytic f o rm  used in the approximation.  F o r  a l inear  law of increase  of D the values 
of A~) are  sm a l l e r  than for  a quadrat ic  law; in the la t te r  case,  more  r e g r e s s i o n  coefficients  in the D - u  r e l a -  
t ions must  be de te rmined .  

Using the examples  of V, Pb, Cu, Cr ,  Mo, Li, and Be, we verif ied the effect  produced onA~) and on the 
equations obtained for  the adiabatic curves  by the choice of the s ta t i s t ica l  weight Wi in the fo rm W i =giD~ 2 or  
Wi =gi, i .e . ,  when the fo rm M was minimized on the basis  of re la t ive  or  absolute deviat ions.  In par t icular ,  for  
V and Pb in the second case  we obtained the formulas  

a 

' ' / A D , rn /$eC 

8o I I c~ 

/ 

0 �9 2 

b " 

/ 

6 0 2 6 ~, kmlsec 
Fig.  6 
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V : D = 5.072-t-tA74u ~ t,99"i0 -s u ~, 
Pb : D = 2.004 "-t- 1.571u - -  3,3. t0 -2 u 2, 

(2.s) 

which are pract ical ly  identical with the relat ions given above: The wave velocit ies calculated by (2.8} and ca l -  
culated by the coefficients of Tables  5 and 6 differ by a f ract ion of 1%. On the other hand, when we pass f rom 
Wi=giD~ 2 to Wi=gi,  the values of A~) for large values of u decrease .  The two variants  of the choice of weight 
for  V are associated with the solid and dashed curves ,  respect ively ,  in Fig.  6b. The unreal is t ical ly  smal l  
values of the confidence intervals  for large values of u obtained for Wi=g i confirmed the advisability of making 
the approximations used in this study on the basis  of the relat ive deviations of the experimental  data. 

In the solution of many problems it is essent ia l  to know the values of the relat ive confidence deviations 
(RCE). F o r  some metals  the (A~/D}--u d iagrams in Fig.  7 are given against the background of the relat ive 
deviations of the exper imenta l  data  we processecl. The values of e0 are indicated on the ordinate axis by the 
points 6, while the res t  of the notation is the same as in F igs .  1-3.  Unlike the case of A~), the RCE contours 
are drawn as bands in the middle zone of approximately constant width, which extend only to the edges of the 
intervals studied. The d ~ h e d  lines in the d iagrams of Fig.  7 indicate the values of ~: v calculated f rom (2.7) 
and charac te r i z ing  the so-ca l led  "apparent"  e r r o r  of the experiment  [47]. Over almost  the entire extent of the 
boundary the RCE are within the band -~ v. The difference between the RCE and ~ is especial ly  large in the case 
of Mo and other  l inearly approximated metals .  The d iagrams in Fig.  7 also i l lustrate the charac te r i s t i c  d is -  
t r ibut ion of the dynamic information over  the amplitude ranges  which are given on the lower scales  by the 
values of the mass  velocit ies.  The points obtained with explosive sys tems  outside the Soviet Union and belong- 
ing to groups "b" and "c" are  predominant in the intervals  of the f i r s t  2-2.5 km/sec  and p re s su res  of 1.5-2 
Mbar.  (These l imits r e f e r  to the elements  of Fig.  7 which have medium and large atomic numbers.  F o r  light 
metals  they are natural ly displaced in the d i rec t ion of l a rge r  values of u and smal le r  values of p.) Here we 
find the "centers  of gravi ty"  of the exper imental  measurements  and the narrowest  segments  of A~) and RCE. 
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TABLE 9 

p, GPa 

50 
t00 
200 
400 
800 

t000 

tlement 

I Pb 

(Table 5) 

5~ t t00 Mo ,. 
200 
400 Table. 4) 
800 

t000 

x z ~p I I \  p 'z \ z ~p 

I 
i.87 0,67 ] 0,44 
2145 0,68 I 0,70 
2.96 0,66 I 1,04 
217 0,61 ] 1,16 
4,4i 0,88 I 2,21 
5,3 i,22 { 5~73 

0,23 
0,28 
0,29 
0,38 
0,47 
0,49 

t Cu Tablo 5) 

0,33 
0,48 
0,63 
t,t0 
t,88 
2,20 

0,74 
0,92 
1,09 
!,23 
i ,98 
2,36 

0.09 0,92 
0;~.7 i,27 
0,40 Table 7) 2,34 
0,81 
0,94 

0,44 
0,45 
0.48 
0155 
I,II 
i ,46 

0,58 
0,45 
0,46 
0,58 

(A~ 

0 , ! 2  
0 ,23  
0,38 
0,69 
2,03 
2,92 

0,t4 
0,t8 
0,29 
0,64 

P r e s s u r e s  of o r d e r  2-5 Mbar have been studied chiefly on explosive sys t ems  of group "a" (except for  Be and 
Pt), and also on pneumatic apparatus (Mg, Cu, Ni, Pt, W, Au, and Be). As is shown by a compar i son  on the 
d iagrams of Fig.  7 (Au, Cu, NiL t he r e  are  no sys temat ic  d i f fe rences  between the data  of these  two methods, 
which a re  denoted he re ,  as be fore ,  by the points 2 and 5. The ch a rac t e r i s t i c s  of the compress ib i l i ty  up to 8-9 
Mbar fo r  the meta ls  s ta t i s t ica l ly  analyzed here  (Ni, Cu, Pb, Sn, ~n, Cd, Mo, Ce) were  obtained only in the 
investigations of the f i r s t  group, which de te rmined  the configurations of the adiabatic curves  in this  region  and 
the i r  posit ions in the D - u  plane with maximum values of RCE ~1%. 

The analysis  we c a r r i e d  out enables us to es t imate  the t rue  accuracy  associated with the shock adiabatic 
cu rves  when we pass f r om the function D(u) to o ther  var iab les .  Applyingthe  theory  of e r r o r  t r a n s f e r  to this ,  
we have 

\ u /D  zD,., ,," 
(2.9) 

Making use,  in addition, of the re la t ions  at the discontinuity we can pass to thermodynamic  p a r ame te r s ,  
which gives us 

-v ~ 2 D ; (2.10) 
P z l --zD-----~u --if- u 

0 ' 0 \ 
[ az ~ 2 { AD I (2.11)  

Here  the subscr ip t  af ter  the paren theses  in (2.2)-(2.4): indicates  that the cor responding  quantity is con- 
stant  when we calculate  the random deviat ion of the function. Thus,  on the ver t ica ls  and hor izontals  of the in- 
se ts  in Fig.  4 the contours  of the shaded s t r ips  cut off the quanti t ies �9 (AVp)z, �9 (A~ p, indicated in percent .  

The degree  of de t e rminacy  of our  ideas concerning the dynamic compress ib i l i ty  of metals  is more  com-  
pletely i l lus t ra ted  by using the examples  of Pb, Mo, Cu, and Ni given in Table  9, calculated on the bas is  of 
(2.10) and (2.11); the table also indicates the e r r o r s  for  the degree  of compress ion  ~ =P/Po, which are  calculated 
by the f o r mu la A~  =5(~- - l )~z /z .  F o r  var ious  meta ls ,  the dynamic p r e s s u r e s  at a given vo lumet r ic  deformat ion 
at the level  of 10 Mbar are  now known with an accuracy  of �9 2 to �9 6%. At 4 Mbar the confidence e r r o r  
d e c r e a s e s  to 1-~%, and at 1 Mbar to 0.5-2%. 

The e r r o r s  A~ found in this  study cha rac t e r i z e  the probable deviations of the coefficients  of the D(u) 
equations f r o m  the i r  t rue  values.  On the average,  the deviations of the A~ 0 amount to 0.~0 for  adiabatic 
curves  of types 1, 2*, and 3* (Tables 4 and 7) and to 0.50/0 for  the quadrat ic  approximations.  We have de t e r -  
mined with this accuracy  the coeff ic ients  a 0 r ep resen t ing  the most re l iab le  values of the veloci ty  of sound c o at 
normal  condit ions.  Actually,  in finding these ,  in addition to the exper imenta l  values of c o found by other  
methods,  f r o m  which the d i sc repan t  values were  d iscarded  in the calculat ion p rocess ,  we included with a large 
effect ive weight the shock-wave measu remen t s  which de termined  in the D--u plane the position of the initial 
segment  of the adiabatic curve .  F o r  isentropic  bulk compress ion  moduli,  Ks0 =P0C02 the possible e r r o r s  are  
equal to 0.6-1.0%. The coeff icients  a 1 in Eqs .  (1.1) and (1.2) a re  associated with the der iva t ives  of the bulk 
compress ion  modulus for  p=0  by the known re la t ion  [53]: 4al =(0Ks/DP)s0+l. F r o m  this ,  if we a r e d i s c u s s i n g  

P~176 [(P/Po) ~ i ] ,  4-a I = B + I  and At =4A~ . F o r  the metals  in Tables  4 and equations of the Murnaghan type,  p = ~ 
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7 we have an ave rage  value of A 1 =0.05, and for  quadrat ic  approximat ions  of o ther  me ta l s  we have 0.14. These  
accu rac i e s  are  cons iderab ly  be t t e r  than those  at ta inable by u l t rasonic  de te rmina t ions  of the M u r n a g h a n c o -  
ef f ic ients .  The th i rd  p a r a m e t e r  in Eq. (1o2) (the coefficient  a2) was found with an average  re la t ive  e r r o r  of 
107,0. 

Let  us e s t ima te  the poss ib i l i t i es  opened by the use of the exper imenta l ly  studied meta l s  as dynamic  
t e n s o m e t e r s .  The dynamic  p r e s s u r e s  for  an adiabatic  curve  which is known to some specif ic  degree  of ac-  
cu racy  can be de t e rmined  by making m e a s u r e m e n t s  on spec imens  to de t e rmine  one p a r a m e t e r  alm~e - the 
m a s s  veloci ty  or  the wave veloci ty.  The resu l t ing  e r r o r  is due to two sources :  the inde te rminacy  of p r e sen t -  
day ideas concerning the position of the shock adiabatic curves ,  i .e. ,  the values  of the RCE,  and the inaccuracy  
of the e x p e r i m e n t a l  m e a s u r e m e n t s ,  Le . ,  the quant i t ies  (AEu/u) or  (AED/D). Consider ing  the e r r o r s  independent 
and using (2.9) and the re la t ions  at the discontinuity,  we obtain the following e s t i m a t e s  for  the accuracy  of the 
r eco rd ing  of the p r e s s u r e s  for  the m e a s u r e m e n t s  of u and D, respec t ive ly-  

7 = 

p = ( t + z D : ) ~ k - - F ]  T ~  O / ] " 

As can be seen  f r o m  the s t ruc tu re  of the fo rmu la s  and the approximate  equation (AEu/u)~ (AED/D), 
because  (2.13) contains the fac tor  (zDh) -1, it is p re fe rab le ,  e spec ia l ly  for  sma l l  values of z (p < 50 GPa), to 
de t e rmine  the p r e s s u r e s  f r o m  the value of the m a s s  veloci ty.  

F o r  ideal ized "absolu te ly  accura te"  r ecord ings  the e r r o r  (A~'p) ~ (A~D)  va r i e s  f r o m  s e v e r a l  tenths of 
! to 1%. In p rac t i ce ,  when we use the highly accura te  D--u re la t ions  obtained above, the main contribution to 
the e r r o r  in finding p comes  f r o m  the expe r imen ta l  inaccuracy  of a specif ic  single m e a s u r e m e n t  of (AEt~/u} or 
(AED/D), which, as a ru le ,  is g r e a t e r  than the value of the 1RCE. 
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Nonsmooth Hugoniot adiabatic  cu rves  (Figs.  8, 9a), which are  ass igned to type 4, a re  cha r ac t e r i s t i c  of 
17 e lements  found o n t h e  left side of the per iodic  table  [7]. These  were  obse rved  in the case  of Rb [30], Ca, 
and Sr [17, 19], and, according  to [19, 26, 27], a lso in the case  of Sc, Y, and all  the r a r e - e a r t h  e lements  (REE) 
of period VI that  were  studied. Such adiabatic  cu rves  contain c r i t i ca l  points or  nar row regions  separa t ing  the 
sha l lower  lower pa r t s  of the cu rves ,  h e r e a f t e r  indicated by the subsc r ip t  "l" f r o m  the s t e epe r  upper  port ions 
( subscr ip t  "uW). Tradi t iona l ly ,  both segments  a re  desc r ibed  by l inear  re la t ions  in the k inemat ic  var iab les :  
the wave veloci ty  D and the m a s s  veloci ty  u. In what follows, we shal l  use the more  genera l  f o r m  

Du =a0u +a luu ,  Dl = a 0 1 + a l ~ u + a z p z  2, (3.1) 

where  the coefficient  a2l m a y  be negative,  posi t ive,  or  ze ro .  

The p resence  of b r eak -po in t s  in the c o m p r e s s i o n  cu rves  is due [45, 7] to  the shift  of the outer  e l ec t rons  
to the inner o rb i t a l s  and the fo rmat ion  of compact  e l ec t ron  configurat ions with low compres s ib i l i t y .  

Accord ing  to the e s t i m a t e s  of [27], the s ingula r i t i es  of the adiabatic  cu rves  lie near  the mel t ing cu rves .  
Since [55] discontinuous var ia t ion  of e las t ic i ty  is not c h a r a c t e r i s t i c  of the liquid s ta te  of a meta l ,  it follows that 
for  a more  comple te  understanding of the physical  nature of the p r o c e s s e s  taking place it is of the f i r s t  i m -  
por tance  to  c la r i fy  the possible  width of the t r ans i t ion  zone and the accuracy  of its local izat ion on the s c a b  of 
p r e s s u r e  and t e m p e r a t u r e s .  As in the case  of o ther  meta l s ,  the following analys is  has the additional purpose  
of finding the mos t  re l iab le  D(u) functions and confidence in te rva ls  for  the coeff icients  appear ing  in them and 
fo r  the wave ve loc i t ies .  These  s a m e  p rob l ems  are  also solved for  s tepwise  D(u) cu rves  (Fig. 9c) of type 5, 
which are  f o rmed  in phase t r ans i t ions  of the f i r s t  kind. 

Let us now cons ider  the adiabatic  cu rves  of type 4 shown in F igs .  8 and 9a, where  the sonic data  are  the 
points 6 and the shock-wave  data  are  the  points 1-5; in the case  of Rb (the points 1) mos t  of the points l ie  on 
the lower  branch,  while the two upper  ones lie on a r ay  pass ing through the or igin.  According to [30], the 
adiabatic  curve  of Rb is desc r ibed  by the equations D u =1.232 +1.184u, D/ =1.567u (here and h e r e a f t e r ,  the 
veloci t ies  D and u a re  given in km/sec) .  In the case  of Sr,  a wel l -def ined b reak-po in t  angle is fo rmed  [19] by 
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the s t ra igh t  l ines D u =2.10 + 0.94u, D l = 0.58 +1.5u. The two meta l s  were  not analyzed s ta t i s t i ca l ly ,  since there  
were  not enough r eco rd ings  for  the upper  b ranches .  In the case  of Sc it is d e s i r a b l e  to p roces s  all  the infor-  
mat ion toge ther ,  owing to the la rge  deviat ions between the data  of [19, 26, 27], indicated in F igs .  8 and 9a by 
the points 2-4,  r e spec t ive ly .  Here  we can judge with a ce r t a in  degree  of d e t e r m i n a c y  only the s lopes  aiu = 
0.64-0.74, all =1.0-1 .3 .  The s y s t e m a t i c  d i f fe rences  between the m e a s u r e m e n t s  obtained by dif ferent  inves t i -  
ga tors  were  a lso  foundin the  case  of Y. As canbe  seen f r o m t h e  "d ivergence  d i a g r a m "  shown in the upper  inset of 
Fig .  8, the expe r imen ta l  points of [19, 26] in the case  of Y lie below the approximat ing  curve ,  whe reas  in [27] 
they lie above it. The s a m e  d is t r ibut ion  of data,  but with a s m a l l e r  amplitude of d i spers ion ,  is observed  in the 
case  of Dy. F o r  a wide group of other  REE we find sa t i s f ac to ry  ag reement  between the r e su l t s  obtained by 
different  authors .  Typica l  of these  is the case  of La, shown in the lower inset of Fig .  8. The actual  D - u  
d i a g r a m  for  La  and the c h a r a c t e r i s t i c  functions for  two other  r a r e - e a r t h  meta l s  {Er and Sin) are  shown in 
Fig .  9a. 

Since the r e a s ons  for  the s y s t e m a t i c  d iscrepancies  a re  unknown, the shock-wave  data of var ious  authors 
for  REE were  taken into account with the s ame  s ignif icance coefficient  g = l .  The s ame  weight was used in 
p roces s ing  the values  of the i sen t ropic  vo lumet r ic  veloci t ies  of sound obtained by dif ferent  methods:  f r o m  the 
ve loci t ies  of longitudinal and t r a n s v e r s e  waves  in po lyc rys t a l s  [26, 27], those  calculated f r o m  the veloci t ies  of 
u l t rasonic  waves  along dif ferent  d i rec t ions  in a single c r y s t a l  [41], those  found f r o m  analytic fo rmu la s  
desc r ib ing  the behav ior  of the cu rves  of i s o t h e r m a l  c o m p r e s s i o n  [35, 36-39], and those  found f r o m  the values  
of the e las t ic  moduli  of polycrys ta l l ine  spec imens  at no rma l  conditions [35]. 

To c la r i fy  the possible  t r ans i t i on -zone  d imens ions  consis tent  with the expe r imen t s ,  we shal l  de sc r ibe  
both b ranches  of the curve  of dynamic  c o m p r e s s i o n  of type 4 by a continuous analytic function which d i f fe rs  
substant ia l ly  f r o m  a function of the f o r m  (3.1) only in a reg ion  of width 2lo Such p rope r t i e s  in the case  of 
a2l =0 are  found, in pa r t i cu la r ,  in the function 

Dr(u) = Dcrit Jc (l/2)(u -- u cri:)[all-t- alu @ (all - -  a:u)tanh [(U--Ucrit) ~Ill (3.27 

which, for  values  of l that  tend to zero ,  pas ses  into the asymptote  equation, equivalent to (3~ 

DA (u) = Dcri: ~- (l/2)(u - -  Ucri:)[all-~- a:u ~- ( a : l -  alu)sign (u - -  Ucr:t)]. (3.3) 

F o r  any finite l, the curve  (3.27 is tangent  at the point Ucrit, Dcr i t  of in te rsec t ion  of the s t ra igh t  l ines,  
deviat ing downward, for  u i = U c r i t - 0 . 6 3 /  and u 2 =Ucrit  +0o63/, by a m a x i m u m  amount 

8D = D L -  DA = --0.14(a:l --  alcri:)/. (3.4) 

The nature of the var ia t ion  of the de r iva t ive  DtL(U) in the case  of E r  for  2t =600 nv/sec is shown inFig .  9b. 
Here  the d is tance  of 1 .26/=380 m/ sec  between points 1 and 2 is the effect ive smoothing in terval ,  in which the 
de r iva t ive  i n c r e a s e s  a lmos t  l inear ly  f r o m  the value a lu=0.87  to all =1.33. The fo rmat ion  of the extended 
t r ans i t ion  zone of 25 GPa is attained as a r e su l t  of slight var ia t ions  in the wave veloci t ies  which do not exceed 
20 m/sec ,  accord ing  to (3.4). A ve ry  s i m i l a r  r e su l t  is obtained for  a monotonic inc rease  (the dashed curve) of 
the de r iva t ive  within the s ame  in te rva l  of 380 m/sec ,  when the m a x i m u m  deviat ion f r o m  the l inea r -d i scon t in -  
uous desc r ip t ion  at u = Ucr i t i s  equal to 27 m / s e c .  Thus,  for any s t ruc tu re  of the t r ans i t ion  zone the at tainable 
accu racy  of the shock-wave  m e a s u r e m e n t s  is not enough to dis t inguish between two dif ferent  physical  s i tu-  
ations: the discontinuous onset  of s t a t e s  with low compres s ib i l i t y  at c r i t i ca l  t r ans i t ion  p a r a m e t e r s  and the 
g radua l  i nc rease  in the e las t ic i ty  of the me ta l  ove r  a broad range  of p r e s s u r e s  up to and beyond 20 GPa.  This  
negative r e su l t  leads us at the same  t ime  to the impor tant  conclusion that  it is p e r m i s s i b l e  and, f r o m  a p r a c -  
t i ca l  standpoint ,  advisable  to introduce for  approximat ion  purposes  a set  of effect ive break-poin ts  and a s eg -  
mented desc r ip t ion  of the d y n a m i c - c o m p r e s s i o n  cu rves  by means  of Eqs.  (3.1). The question of the 
physica l  r ea l i ty  of the b reak -po in t s  s t i l l  r e m a i n s  undecided. It may be answered by means  of expe r imen ta l  
r e co rd ings  of the d e r i v a t i v e s  of the c o m p r e s s i o n  cu rves  on the bas i s  of the values  of the veloci t ies  of sound 
behind the shock-wave  f ront  for  waves  with different  ampli tudes ,  for  example  by the la te ra l -un loading  method 
of [561, 

S ta t i s ica l  p rocess ing  of the r e su l t s ,  making use of many r e g r e s s i o n  p a r a m e t e r s  of Eq. (3.2), is a diff i-  
cult p roblem.  An approx imate  method cons i s t s  in f i r s t  subdividing the en t i re  expe r imen ta l  da ta  field of N 
points into a " lower"  and an "upper"  se t  and ca r ry ing  out an independent s t a t i s t i ca l  analys is  for  each of them 
on the bas i s  of the a lgor i thms  avai lable  for  equations of the type (3.1). 

By definition, the op t imal  d is t r ibut ion of the data  between the lower  and upper  segmen t s  of the adiabat ic  
cu rves  leads to the mos t  accura te  approximat ion ,  when the p a r a m e t e r  

["~= ~Y 1,/2[ 
-~ = (Du_ Dd2Wi + i=~+: (Dl_ Dd~W~] /N,/~, (3.5) 
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averag ing  the deviat ions  fo r  the lower  se t  n u and the upper  set  a I (n u +n l =N), t akes  on its min imum value.  

A new method was devised for  a quar~.itative de te rmina t ion  of the possible  e r r o r s  in the value of Ucrit 
but only fo r  l inear  va r i an t s  of (3.1). In this case  the in te r sec t ion  of the  two par t ia l  desc r ip t ions  m, l of the 
op t imal  subdivis ion is obtained fo r  

rn l 
mj  aou--ao~ (3.6) 

uCr i t=  a~ l - -  al u 

The set  um,~+ / f o r m s  a new set  der ived  f r o m  the probabi l i ty  charac t e r i s t i c s  of the coeff ic ients  on the 
r ight  side of (3.6). Calcula t ion of the number  m, l of the  va r i an t s  d is t inguishes  on the m a s s - v e l o c i t y  axis 
around the nominal  point Ucrit the confidence in te rva l s  2~ ~ .. =u2 -u .  in which the b r e a k  point will  be found 
with r b a b l t  z m cul e r e  �9 �9 p o i i y  , " pa r t i  a r  q=0 .68 .  F r o m t h e  s t ruc tu re  of Eq. (3.6) it follows that  the quantity u 2 - u  l 
is i nve r se ly  p ropor t iona l  to the d i f fe rence  a l l - a  m between the nominal  s lopes  of the D(u) g raphs .  

E x a m p l e s  of the ca lcula t ion of the ~(Ucrit) on the bas i s  of (3.5) fo r  different  methods of subdivis ion of the 
da ta  between the "phas e s "  with high and low p r e s s u r e  a re  shown in Fig .  10 for  f ive di f ferent  REE.  The upper  
cu rves  were  obtained by p rocess ing  all  the dynamic  da ta  and the values  of the veloci ty  of sound for  p = 0. The 
lower  cu rve s ,  which have a s m a l l e r  e x p e r i m e n t a l  d i spe r s ion ,  we re  obtained only f r o m  the shock-wave  m e a -  
s u r e m e n t s  of [27]. In the calcula t ions  we took W i =D~ 2. The hor izonta l  s egmen t s  on the g raphs  indicate the 
confidence in te rva l s  A ~  for  the b r e a k  points calcula ted accord ing  to the a lgor i thms .  The degree  of loca l i -  
za t ion now achieved v a r i e s  f r o m  meta l  to meta l .  F o r  P r  and Sm the inde te rminacy  of the posi t ion is ~ 100 
m/ see .  F o r  La  and Nd it is ~ 200 m / s ee ,  and for  E r  it is ~ 500 m/see .  The re  is a c l ea r ly  vis ible  d i sp lacement  
of the b r e a k  points in the d i rec t ion  of l a r g e r  values  of Ucrit which was obtained by p rocess ing  all  the  i t ems  of 
informat ion  toge ther .  T h e r e f o r e ,  in o r d e r  to obtain the nominal  p a r a m e t e r s  of the b r e a k  points and analyze 
the i r  c o r r e l a t i o n  with the mel t ing  of the meta l ,  it is p r e f e r ab l e  to confine ou r se lves  to p r o c e s s i n g  the m e a -  
s u r e m e n t s  of [27]. They  a re  f a i r ly  numerous ,  were  obtained by a uni form method,  and do not include points 
r e l a t ing  to  e spec ia l ly  high p r e s s u r e s .  The r e su l t s  of the p r o c e s s i n g  for  REE a re  given in Table  10. Here  we 
give for  the two b r anches  the levels  of s ignif icance ~ of the l inear  hypothes is ,  the nominal  coeff ic ients  of 
Eqs.  (3.1) for  l inear  va r i an t s ,  the c r i t i ca l  va lues  of the p r e s s u r e  Pe t i t  ( together  with the symbol  of the 
e lement) ,  the wave ve loc i t ies  Der i t ,  and the m a s s  veloci ty  Ucrit, and in the las t  column we indicate the l imi t s  
of Ucrit for  the segment  within which the b r eak -po in t s  of the adiabatic  cu rves  will be included with probabi l i ty  
q = 0.68.* The s t a t i s t i ca l  ana lys i s  was c a r r i e d  out for  the min imiza t ion  of the functionals  M with r e s p e c t  to the 
re la t ive  devia t ions ,  i .e . ,  with W i =D~ 2. The nominal  coeff ic ients  of the approx imat ions  a re  c lose  to the previous  
ones found in [27]. In the s ame  way, for  all  e l emen t s  except  La, in the new p rocess ing  method the points of 
conjugacy of the b ranches  d i f fe r  in m a s s  veloci ty  by no more  than 60 m/ see  f r o m  the data  of [27]. 

The e s t i m a t e s  of the accu racy  of the local iza t ion of the b r eak -po in t s  contain essen t i a l ly  new information.  
The shaded a r e a s  in F ig .  11 r e p r e s e n t  the da ta  of the las t  column of Table  10, conver ted  to p r e s s u r e s ,  fo r  the 

*The ve loc i t ies  and the coeff ic ients  a 0 in the t ab les  a re  given in k i l ome te r s  per  second, and the p r e s s u r e s  in 
gigapaseals. 
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TABLE i0 

Limi~ 
Element ~, ao. u atu Dcri t ucrit Uerit 
~crit % aOl a l l  

Y 364 3,424 0,733 4,65 !,68 1,50--1,85 
35,90 2,39i 1,846 

La 76 2,082 0,938 2,99 0~88 0,78--i,03 
15,67 47 i,586 i,504 

Pr 17 2,t0i 0,78t 3,i0 1 ,29  i,24--i,34 
27,t9 35 0,936 1,685 

Nd t2 2,t88 0,794 3,05 t,08 0,99--1,t7 
23,00 9 t,53i 1,40i 

Sm 67 2,55 0,746 3,t0 t,i4 i,08--t,i9 
26,20 28 1,580 i,34i 

Gd 53 2,i95 0,927 3,27 i,16 0,96--i,33 
30,00 62 t ,793 1,272 

Tb 62 2,t76 (t,949 3,38 i,27 1,t0--1,42 
35,10 62 t,748 i,287 

Dy 88 2,28 0,887 3,26 t,ii i,01--1,22 
30,40 64 t riO7 ~ ,223 

Ho 0,959 3,58 1,37 48 2,272 0,88--t,63 
42,80 5O i,925 i,2t3 

Er iI 2,345 0,870 3,57 i,4t 1,t8--i,63 
45,50 49 1,692 1,334 

Tu 36 2,259 0,907 3,42 i,28 0,94--t,63 
40,70 97 i,889 1,i97 

2,16 0 , 9 8  0,93--1,0~ Yb 
i5,65 

90 
83 

t,45i 
0,875 

0,836 
i,422 

conf idence  in t e rva l s  of the c r i t i c a l  s t a t e s .  The ho r i zon ta l  s e g m e n t s  in the  d i a g r a m  indicate the leve ls  of 
s h o c k - w a v e  p r e s s u r e s  at which,  a c c o r d i n g  to the e s t i m a t e s  given by the au thors  of [27], we will  have mel~ing 
of the  meta l ,  and in the  c a s e  of  Gd we wil l  have a po !ymorph ic  t r ans i t ion .  As can  be seen  f r o m  the d i a g r a m ,  
in the  c a s e  of m o s t  of  the m e t a l s ,  the a s s u m e d  p r e s s u r e s  of the phase  t r a n s f o r m a t i o n s  lie outs ide  the conf i -  
dence  in t e rva l s  o r  on t h e i r  boundary ,  3-6 GPa  away f r o m  the nomina l  va lues  of  Pcr i t .  F o r  s o m e  of the meta l s  
(La,  Nd, Gd, Tb) the  c lose  a g r e e m e n t  obta ined in [27] is based  on e r r o n e o u s  values  of the b r e a k - p o i n t  p r e s -  
s u r e s .  (The da ta  given in the  t ab le  and in the  g r aphs  of  the p r e sen t  s tudy d i s a g r e e  with the values  ca lcu la ted  
f r o m  the coef f ic ien t s  of the D(u) funct ions  given in [27].) In the case  of Dy, E r ,  Ho, and Tu  the mel t ing  p a r a m -  
e t e r s  lie inside the in t e rva l s ,  c lose  to  the  nomina l  va lues  of Pcr i t .  However ,  this  a g r e e m e n t  g ives  us l i t t le 
phys ica l  i n fo rma t ion ,  s ince  the  absolute  d i m e n s i o n s  of the conf idence  in t e rva l s  f o r  Dy, E r ,  Ho, and Tu a re  
ex"eremely l a rge  ( f rom 8 to 30 Glaa). 
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T A B L E  ii 

Element a, 
Pcrit ,% 

La 75 
20,1 

Pr 
28 

Nd 2 
26,2 1 t 

Sm 
27,2 

Gd 
29,9 

Er 
58,5 

Yb 94 
i5,4 9,i 

Y 14 
34.6 t8 

Dy 
45g0 

HO 
36.6 

89 
4 

Ca 
39,3 

20' 
94 

22 

~ 

2,064 
1,39t 

2.109 
01759 

2,17t 
1,424 

2 224 
1:838 

2,197 
i ,80i 

2.287 
11579 

t .435 
0;866 

3.38t 
2,795 

2.252 
118~4 

2,29t 
2,t50 

"lU 
"1/ 

3.438 
2,405 

1.012 
! ,702 

0,779 
1:858 

0.823 
1.450 

o.806 
1.062 

0,93t 
1,274 

0,947 
1,370 

0.865 
1,4i9 

0,725 
U,.. 8-  

0.926 
]:!57 

().934 
().986 

C'2t' 10~ I D [ '+crit C 

2 o I 
- -  3,12 [ 1.05 

--4,56 I 
--~.3 3.!4 1,32 

3,15 1,19 

3,15 t,16 
G ,68 

3,27 1,16 

3.87 ! .67 

2,12 1,03 

6.00 4,58 1,65 

3,09 3,62 1,48 

3,44 1,22 
~,26 

_~ :L08 1,88 

~. 7.0l 3,69 

15 
53 

23 
'-"4 

41 
2. ( } 

41 
48 

23 
22 

52 
178 

32 
61 

12 
48 

Lu - -  2.20 1 .~-~ --- 
74.7 0,98 1.05 -- 

]5 0.968 85 
76 .I s 270 

tl 1(n~X 

i.8 
5,3 

m/$ec 

14 
]14 

2.0 29 
5.2 263 

2.l i7 
5.1 69 

1.7 19 
51o 1~7 

2.1 18 
7,1 107 

2.5 27 
4,8 117 

1,6 15 
5,2 93 

2,4 77 
5.6 436 

2,0 41 
4,9 247 

1,6 28 
4,8 240 

4.6 196 
7,00 445 

At the s a m e  t i m e ,  the  da ta  on Eu,  which has  an adiabat ic  cu rve  of  type  5, and the g e n e r a l  f o r m  of the 
d i a g r a m  indicate  tha t  t h e r e  is a c e r t a i n  c o r r e l a t i o n  ex is t ing  be tween  mel t ing  and the e l e c t r o n  t r a n s i t i o n s .  We 
do not: know at p r e se n t  whe the r  t h e r e  is a phys ica l  connec t ion  be tween these  p r o c e s s e s  o r  whe the r  both of  t h e m  
a r e  the r e s u l t  of lanthanide c o m p r e s s i o n  [57]~ The  solut ion of th i s  p r o b l e m  r e q u i r e s  the  use  of methods  which 
wi l l  make  it poss ib le  to  r e c o r d  e x p e r i m e n t a l l y  the  mel t ing  and the  e l a s t i c i t y  of  the  me ta l  behind the s h o c k - w a v e  
f ron t  on the  bas i s  of the  ve loc i ty  of  p ropaga t ion  of s m a l l  d i s t u r b a n c e s  [56]. 

S imul taneous  p r o c e s s i n g  of the da ta  [19, 26, 18, 27] and Table  3 enab les  us to  fol low the behav io r  of  the 
ad iaba t ic  c u r v e s  of  type 4 to  p r e s s u r e s  above 300 GPa  (600 GPa  in the  case  of Gd.) and find, as  fo r  o ther  me ta l s ,  
the a c c u r a c y  of t h e i r  d e t e r m i n a t i o n .  The r e s u l t s  obtained a re  shown in Table  11.* The  f i r s t  s even  co lumns  of 
Tab le  11 conta in  the s a m e  in fo rma t ion  as Tab le  10. On the r i g h t - h a n d  s ide of Tab le  11, ins tead  of the  l imi t s  fo r  
Ucrit ,  we give the s t a t i s t i c a l  c h a r a c t e r i s t i c s  of the adiabat ic  c u r v e s :  the  va lues  of A ~  fo r  the lower  and upper  
b r a n c h e s  in the case  of Ucrit  and fo r  the upper  b r a n c h  in the case  of (u) and Umax, where  A~) wil l  be min ima l  
and m a x i m a l .  F o r  La,  P r ,  Nd, Sm, Gd, E r ,  and Yb the  s imu l t aneous  p r o c e s s i n g  s a t i s f a c t o r i l y  r e p r o d u c e s  the 
app rox ima t ions  of Tab le  10, a l though in the  case  of La,  Nd, and E r  it leads  to subs tan t i a l  d i s p l a c e m e n t s  of the  
b r e a k - p o i n t s ~  Bec a use  of  the l a rge  e x p e r i m e n t a l  d i s p e r s i o n  and the  s y s t e m a t i c  dev ia t ions  of the  m e a s u r e -  
men t s ,  we obta ined p o o r e r  a g r e e m e n t  of the  app rox ima t ions  and l a r g e r  conf idence  in t e rva l s  in the case  of  Y, 
Dy, and Ho. F o r  Lu, s ince  the r e c o r d i n g s  in [19] w e r e  few in number ,  Tab le  11 g ives  only the  nominal  va lues  
of  the coef f i c i en t s ,  F o r  Ca,  s ince  t h e r e  is l i t t le d i f f e r ence  in tile s lopes  alu and all (see F ig .  8), ana lys i s  of 
the da t a  of [19, 31] (the points  2 and 5) y ie lded  a l a rge  i n d e t e r m i n a c y  in the loca t ion  of  the b r e a k - p o i n t .  The 
adiabat ic  cu rve  fo r  Ca  could be d e s c r i b e d  with equal  jus t i f i ca t ion  by  a s ingle  pa rabo l i c  D(u) cu rve .  The 
ex i s t ence  of e l e c t r o n  t r a n s i t i o n s  and s t a t e s  of the  me ta l  which  have d i f fe ren t  c o m p r e s s i b i l i t i e s  is ,  however ,  
c o n f i r m e d  fo r  the  c a s e  of  Ca  by q u a n t u m - m e c h a n i c a l  ca lcu la t ions  and m e a s u r e m e n t s  of e l e c t r i c a l  r e s i s t a n c e  

[58].  

A m o n g t h e  me ta l l i c  e l e m e n t s  which  undergo  phase  t r a n s i t i o n s  of the  f i r s t  kind, h i g h - p r e s s u r e  and low- 
p r e s s u r e  phases  in d y n a m i c  e x p e r i m e n t s  w e r e  r e c o r d e d  fo r  Ti ,  Z r ,  Hf, Eu,  and Fe .  In the  c l a s s i f i c a t i o n  we 

*The acous t i c  da ta  w e r e  t aken  into account  f o r  all  the e l e m e n t s  of  the  table  except  Y, Dy, and Ho. 
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TABLE 12 

Element ] ~x, 
~rit % D 

" 1 
Ti -- 5,22 0,767 0,65 2,0 20 [28. 29, 14] 
16,7 86 4,722 t,130 5.72 0,88 ~ 9,4 i30 [24, 23. +1 

Zr 5 3,83 0,914 0,88 f8 t.8 t:3 I [28, 31] 
26,5 25 3,236 1,30i 4,63 t,07 t6 5,2 50 [ [19, 24] 

HI 5 2,948 1,069 0.88 52 2,0 23 [ [18, 24] 
44,5 64 2,422 t,325 3,89 1;1t 4i 4,4 99 [ [261 ' 

77 0,84 48 2,t 34 I [18. 26] 
27 2,43 t,08 50 4,0 89 I [27] 

E u  
l0,6 

a0 u 

a01 

t ,720 
t ,023 

c~ 1 U 
c'il 

0,848 
1,303 

Ucrit.upp. 
Ucrit.low. m/see 

u<U> 
nlax 

m 

AOD' " Source 
m/~cl 

have adopted, the adiabatic  cu rves  of these  meta l s  belong to type 5, i .e. ,  cons is t  of t h ree  segments  (Fig. 9c): 
the adiabatic  cu rves  for  single c o m p r e s s i o n  of the init ial  modif icat ion,  a hor izonta l  plateau where  the s tandard 
m e a s u r e m e n t  techniques fix a constant  veloci ty  Dcr i t  of the leading shock wave of the beginning of the t r a n s -  
fo rmat ion ,  and the Hugoniot adiabatic  curve  of the second phase af ter  r e s to r a t i on  of the single sur face  of d i s -  
continuity.  The expe r imen ta l  data  r e l a t ing  to the two phases  a re  in te rp re ted  as two independent se ts  descr ibed  
by Eq. (3.1). A m o r e  compl ica ted  f o u r - t e r m  express ion  given in [46], adequately ref lec t ing  the singu- 
l a r i t i e s  of the phase t r ans i t ions ,  was used for  iron, s ince the t r a n s f o r m a t i o n  F e n - F e e  is accompanied by a 
la rge  volume change AV. 

F o r  four e l ements  with sma l l  values of AV the pr inc ipa l  c h a r a c t e r i s t i c s  of the D(u) curves  are  shown in 
Table  12, which d i f fe rs  f r o m  Table  11 in that  Ucrit has been rep laced  by two values for  the boundar ies  of the 
plateau,  Ucrit.low" and Ucrit .upp .. Let  us cons ider  the r e su l t s  obtained for  each of the meta l s ,  r e f e r r i n g  to 
Fig .  9*and Fig .  3. In [28, 59, 14] Ti  was r e g a r d e d  as a meta l  having a smooth adiabatic  curve .  A slight d i s -  
continuity in the data  below 1 km / s ec ,  indicating the p resence  of a phase t rans i t ion ,  was d i scovered  in [24], and 
the components  of the new phase in the re ta ined spec imens  were  found in [59]. The desc r ip t ion  proposed in 
[24] for  the compres s ib i l i t y  of T i  does not, however ,  agree  with the m e a s u r e m e n t s  (the points 4) of [28] when 
u ~ 0.70 km/sec  and with the values  (the points 6) for  the veloci ty  of sound (4.85-4.95 km/sec)  obtained by dif-  
fe ren t  methods [35, 38, 41]. 

The f igures  also show below the line of the f i r s t  phase the subsequent  ver i fy ing shock-wave  m e a s u r e -  
ments  (the points 1) made by the authors  of the presen t  a r t ic le .  The quest ion of the initial  segment  of the 
adiabat ic  curve  for  Ti  s t i l l  r e m a i n s  undecided. The equation for  its second branch ,  given for  the f i r s t  t ime  
in Table  12, s a t i s f ac to r i l y  d e s c r i b e s  expe r imen t s  f r o m  0.9 to 9.4 km/sec ,  which include m e a s u r e m e n t s  on 
explosive and pneumatic  [23] propel l ing s y s t e m s .  Unlike the case  of Ti,  in the case  of Z r  and Hf the re  is good 
ag reemen t  for  all  r anges  between the r e su l t s  obtained by var ious  authors .  The data  on Eu were  f i r s t  desc r ibed  
[18, 26], as for  o ther  lanthanides,  by cu rves  of type 4. In [27] the sequence of D, u points for  Eu revea led  a 
sma l l  plateau at p r e s s u r e s  which agreed with the p r e s s u r e s  of shock melt ing (Fig. 11)0 At la rge  ampli tudes  of 
the shock waves  the m e a s u r e m e n t s  of [19, 26] differed f r o m  those of [27] for  Eu as well  as for  Y. The a v e r -  
aging approximat ion  by means  of Eqs.  (3.1) in this case  can be sa t i s fac to r i ly  c a r r i e d  out only up to 
u -< 4 km/sec ,  although da ta  on the c o m p r e s s i b i l i t y  of Eu are  avai lable  [26] up to u =5.9 km/sec .  

It is of spec ia l  s ignif icance that  we obtain the most  accura te  adiabatic curves  for  iron, a meta l  which is 
used as a s tandard  for  the m e a s u r e m e n t s  of compre s s ib i l i t y  at the highest  p r e s s u r e s  [8-20]. Because  of the 
phase t r ans i t ion  F e a - F e  e, which takes  place at 12.8 GPa [60], the D(u) curve  for  Fe is speci f ica l ly  nonlinear,  
and, despi te  the abundance of expe r imen ta l  data,  it is known "to within de r iva t ives . "  In o rde r  to take adequate 
account of the effect  of the phase t r a n s f o r m a t i o n ,  in [46] the D - u  d i a g r a m  of Fe  when u> Ucrit.lowWaS foundby 
the following procedure :  using the known method of [28], we conver ted  the expe r imen ta l  shock-wave  da ta  for  
the in te rva l  1 < u < 4 km / s ec  to a me tas tab le  adiabatic  curve  of the e phase cen te red  at the densi ty  Poe = 8.38 
g /cm "~. We assumed  that  for  both phases  the Gruneisen  coeff icients  T=2/V'~, where  5 =P/Po, Po =7.85 g/cm a. 
The calculated "expe r imen ta l "  points and the r e su l t s  [61, 62] of s t a t i s t i ca l  m e a s u r e m e n t s  of the c o m p r e s s i -  
bi l i ty of the e phase up to 30 GPa, conver ted  to the s h o c k - c o m p r e s s i o n  s ta te ,  were  desc r ibed ,  in a manner  
analogous to the case  of Cr ,  Ni, and Cu, by l inear  D--u re la t ions .  The resu l t ing  me[as[able  adiabatic curve  

D~ = 4.853 + 1.434u (3.7) 

for  the inverse  r e c e n t e r i n g  to the initial  s ta te  of the a phase was conver ted  to a r e l a t ion  containing a h y p e r -  
bolic t e r m  

*The notation for  the points in F ig .  9c is the s ame  as for  F igs .  1-3 and Fig.  7, except for  the points ! .  
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TABLE 13 

t,0 
2,0~ 
3,0 
4,0 
5,0 
6,0 
7,0 
8,0 
9,0 

t0,0 

D 

5,~20 
7,t09 
8,731 

10,285 
1t,772 
t3,t92 
14,544 
15,828 
t7,045 
t8,194 

42,7 34 
t11,9 22 
206,t 28 
323,8 36 
463,3 43 
622,9 55 
801,0 76 
996,0 109 

t207,0 t54 
t432 2i0 

0,61 
0,3t 
0,32 
0,35 
0,37 
0,42 
0,53 
0,63 
0,90 
i,2 

0,27 , 2,0 
0,it i , l  
0,10 1,3 
O,iO 1,6 
0,09 1,9 
0,09 2,4 
0,t0 3,i 
0,12 4,0 
0,t6 6,0 
0,i9 7,8 

0,24 
0,22 
0,33 
0,47 
0,60 
0,81: 
1,2 
i,6 
2,5 
3,7 

D~ ---- --0.648u -~ ~- 4.547 ~- i.462u. (3.8) 

According to [63], the equation of the low-Pressu re  phase has the fo rm  

: D u ---- 4.63 ~- t,33u. (3.9) 

The two branches  of the adiabatic curve  are  joined by a horizontal  segment  at Der i t=5 ,060  km/sec .  The 
left-hand boundary of the plateau (Ucrit.upl~= 0.322 km/sec} co r responds  [60] to the beginning of the t r a n s f o r -  
mation nt 12.8 GPa, the r ight-hand boundary (Ucrit low=0.860 km/sec} cor responds  to the d isappearance  of the 
two-wave configurat ion at 34.0 GPa. Taken toge t l~ r ,  (3.7)-(3.9} cha rac t e r i ze  the dynamic compress ib i l i ty  of 
i ron up to p r e s s u r e s  of 500 GPa. The region of the phase t rans i t ion  and the initial  segment  of the upper branch,  
with a c lea r ly  marked nonlineari ty,  are  shown in the lower curve  of Fig.  9c. 

In o r d e r  to obtain the analytic f o r m  of the ent i re  upper branch  of the adiabatic curve  for  i ron up to 1400 
GPa, toge ther  with its s ta t i s t ica l  cha rac t e r i s t i c s ,  we ca r r i ed  out a new quadrat ic  approximation of the exper i -  
mental  da ta  of [28, 29, 32, 24, 20] and Table  1. The re su l t  is 

DFe ----3.664 -4- 0.065 ~- (t.79 ~ 0.036)u -- (0.0337 -4- 0.00336)u ~. (3.10) 

In Table  13 we show up to u ~ 1 0  km/sec  the confidence in tervals  A~), (A~ cor responding  in (3.10) to 
the values of D, p and the re la t ive  confidence in tervals  (A~ (A0p/p)~. 

The present  s tudy genera l izes  the resu l t s  of exper imenta l  investigations of the dynamic compress ib i l i ty  
of 54 metal l ic  e lements ,  obtained up to 1977, as well  as r e su l t s  published he re  fo r  the f i r s t  t ime.  These  mea-  
su remen t s ,  c a r r i e d  out in var ious ranges  of p a r a m e t e r s ,  r a i sed  the ceil ing of the p r e s s u r e s  studied for  a 
number  of e lements  to 1000 GPa,  and for  i ron to 1400 GPa. On the basis  of s ta t i s t ica l  c r i t e r i a ,  we give a 
ra t ional  and physical ly just if ied c lass i f ica t ion  of shock-wave adiabatic curves  on the bas is  of the i r  configuration 
in the D - u  plane. In addition to two types of cu rves  with s ingular i t ies  caused by the e lec t ron  t rans i t ions  (type 4) 
and phase t rans i t ions  (type 5), it includes th ree  types  of D - u  re la t ions  of smooth curves  with decreas ing( type  2} 
and increas ing  (type 3) s lopes as u i nc reases ,  as well  as with the phenomenon of l inear i ty  (type 1}, which is 
mtaiutained up to surpr i s ing ly  large shock-wave ampli tudes.  A nontr ivial  fea ture  is the ve ry  possibil i ty that 
s imple fo rmulas  can be used for  the smooth descr ip t ion  of complete ly  different  s ta tes  of a m e t a l -  for  different  
degrees  of compres s ion  of the solid phase,  shock-wave melting, and intensive heating to t e m p e r a t u r e s  of tens 
of thousands of deg rees .  

On the basis  of our  s ta t i s t ica l  approach,  in addition to the nominal curves ,  the study also provided us for  
the f i r s t  t ime  with the s ta t i s t ica l  cha rac t e r i s t i c s  of the accuracy  of t he i r  local izat ion on the D - u ,  p - u ,  and 
p - ~  d iagrams .  In par t i cu la r ,  it was establ ished that ,  with a probabil i ty of 95%, the possible e r r o r s  in the 
p r e s s u r e  values at fixed densi ty  do not exceed 2.5% at 400 GPa and 5% at 1000 GPa  for Mo, Cu, Ni, and many  
o ther  metals .  These  numbers  show that  even at our  present  stage of knowledge, the resu l t s  of the dynamic 
investigations const i tute a promis ing  basis  for  the metro logy of high and super -h igh  p r e s s u r e s .  

New conclusions were  a r r ived  at in the approximation of nonsmooth cu rves  of shock compress ion  by find- 
ing t he i r  opt imal  subdivision into segments .  The confidence intervals  for  the position of the break-points  in a 
number of metals ,  as evaluated by means of a specia l ly  designed algori thm, proved to be unexpectedly large .  
F o r  Ho, E r ,  and Tu the inde terminacy  in the location of the break-poin t  is now abo~  20 GPa, while for  Gd and 
Tb it is about 15 GPa. The ~ery concept of the break-point  is st i l l  f o rma l  and approximative in cha rac te r ,  and 
a de te rmina t ion  of the physical  nature of the t rans i t ion  zone and its actual width will r equ i re  the use of non- 
t rad i t ional  methods for  r ecord ing  the der iva t ives  of the compress ion  curves .  
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The approximat ion  coeff icients  a 0 and a I r e p r e s e n t  e ssen t i a l  physical  c h a r a c t e r i s t i c s  of the solid.  The i r  
values ,  found he re  by s imul taneous  s ta t i s t i ca l  p rocess ing  of dynamic and s ta t ic  data,  de t e rmine  the mos t  
re l i ab le  init ial  values  of the e las t ic  moduli  K s =poa 2 and the i r  de r iva t ives  (OKs/~P)s =4ai. The p a r a m e t e r  a 1 
depends r e g u l a r l y  on the posit ion of the e lements  in Mendeleev ' s  per iodic  table .  Ref lect ing the physical  nature 
of the p r o c e s s e s  taking place in the a toms of the meta l  under compres s ion ,  this p a r a m e t e r  d e t e r m i n e s  which 
pa r t i cu la r  type the adiabatic cu rve  belongs to.  The h i s t o g r a m  of the dis t r ibut ion of e l ements  according to the 
quantity a 1 (Fig. 12), unlike the analogous h i s t o g r a m  f i r s t  proposed in [64], has th ree  maxima ,  one for  each of 
its th ree  sec t ions .  All the e l emen t s  of the f i r s t  sect ion,  with a max imum at a 1 =0.9, lie in the f i r s t  four  groups 
of the expanded per iodic  table  and belong to types  4 and 5. F o r  adiabatic  curves  of type 4 the anomalously  
sma l l  values  of a 1 a re  explainable by the fact that e l ec t rons  a re  shifted to i tmer orb i t s  under compres s ion .  As 
a r e su l t  of this  p roce s s ,  the "boundary" densi ty  of the e lec t rons ,  the resu l t ing  p r e s s u r e ,  and the e las t ic i ty  of 
the meta l  r e m a i n  a lmos t  constant .  The s a m e  p r o c e s s e s  take place in Ti,  Zr ,  and Hf. In the init ial  s ta te  these  
meta l s  c rys t a l l i ze  in c lose -packed  hexagonal  fo rm.  The low-compress i 'b i l i ty  s ta tes  found in these  r~etals and 
in Eu are  due to the r econs t ruc t ion  of the i r  energy  s p e c t r a  and e lec t ron  shel ls .  

Centered  around the second m a x i m u m  at a 1 =1.2 we find essen t ia l ly  those  e lements  which do not undergo 
e l ec t ron  t r ans i t ions  - light alkali  and a lka l ine -ea r th  meta l s  and t r ans i t ion  e lements  f r o m  the fifth and sixth 
groups  of the per iodic  tab le .  Here  the types  of adiabatic  cu rves  are  dist inguished,  on the one hand, by the 
nea rne s s  of a 1 to 1.25, the asymptot ic  slope of the D(u) functions,  and on the o ther  hand by large  values of the 
Grune isen  e l ec t ron  coeff ic ients ,  which the t r ans i t ion  meta ls  may  have in the r anges  under considerat ion.  E l e -  
ments  in the middle par~ of the h i s t o g r a m  are  t h e r e f o r e  cha rac t e r i zed  by adiabatic  curves  of type 1, which 
r e t a in  the phenomenon of l inear i ty  ove r  wide ranges  of the p a r a m e t e r s ,  and adiabatic cu rves  of type 3 in the 
case  of e l emen t s  for  which the t h e r m a l  exci ta t ion of the e lec t rons  leads to a s h a r p  r i s e  in e las t ic i ty  (Co, Ta, 
Nb, V, Rh). 

The thi rd  s ec t o r  of the h i s t o g r a m  is fo rmed  by meta ls  which occupy the r ight  side of Mende!eev 's  table .  
The thi rd  m a x i m u m  l ies  at a 1 =1.6, and the values  of a 1 vary  in this  case  over  a nar row in terva l  f r o m  1.5 to 
1.7. These  values  a re  cons iderab ly  higher  than the l imit ing s lopes  of the D -  u re la t ions  for  s t rong  shock 
waves .  T h e r e f o r e  a tendency toward a d e c r e a s e  in the de r iva t ives  dD/du for  specif ic  p r e s s u r e  levels  is cha r -  
ac t e r i s t i c  of all e l emen t s  in this  sec t ion  whose adiabatic cu rves  were  found to belong to type 2. As the expe r i -  
menta l ly  studied r anges  are  expanded, this  s a m e  configurat ion will probably be found for  the s h o c k - c o m p r e s -  
s ion cu rves  of A1, I r ,  and Au. 

The authors  a re  deeply gra te fu l  to B. M. Stepanov, at whose init iat ive this study was undertaken.  The 
authors s i nce re ly  thank A. V. Bushraan, A. N. Dremin ,  and V. E.  F o r t o v  for  the i r  help in sys t emat i z ing  the 
informat ion and A. L. Velikovich for  his par t  in the development  of the s ta t i s t i ca l  a lgor i thms .  
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